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Abstract. We study approximations to a class of vector-valued equations of 
Burgers type driven by a multiplicative space-time white noise. A solution the- 
ory for this class of equations has been developed recently in [Hairer, Weber, 
Probab. Theory Related Fields, to appear]. The key idea was to use the theory 
of controlled rough paths to give definitions of weak / mild solutions and to set 
up a Picard iteration argument. 

In this article the limiting behaviour of a rather large class of (spatial) approx- 
imations to these equations is studied. These approximations are shown to con- 
verge and convergence rates are given, but the limit may depend on the particular 
choice of approximation. This effect is a spatial analogue to the Ito-Stratonovich 
correction in the theory of stochastic ordinary differential equations, where it 
is well known that different approximation schemes may converge to different 
solutions. 



1. INTRODUCTION 

The aim of the present paper is to study approximations to vector-valued sto- 
chastic Burgers-like equations with multiplicative noise. These equations are of 
the form 

dtu = udlu + F{u) + G{u)d^u + e[u) i , (1.1) 

where the function u = u{t, x; to) E M" is vector-valued. We assume that the 
functions F : M" and 0,6: W R'^>'" are smooth and the products 

in the terms G{u)dxU as well as in 9{u)E, are to be interpreted as matrix vector 
multiplication. The noise term ^ denotes an R"-valued space-time white noise and 
the multiplication should be interpreted in the sense of Ito integration against an 
L^-cylindrical Wiener process. 

In the case G = 0, approximations to (11.11) have been very well studied: we re- 
fer to |Gyo98b[ Gyo99[ IDGOIH for some of the earlier results in this direction. For 



non-zero G, there is a clear distinction between the gradient case, where G = VQ 
for some sufficiently regular function Q : W"- — M" (so that dtu = G{u)dxU 
would describe a system of conservation laws), and the general case. In the gra- 
dient case, existence and uniqueness for (11.11 ) has been known at least since the 
nineties ||DPDT94[ Gyo98a[ and convergence results for numerical schemes have, 



for example, been obtained in IIAG06[|JB09l . 

The emphasis of the present article is on the general, non-gradient, case. A 
satisfactory solution theory for the general case is much more involved than the 
gradient case and has been given only very recently IIHail21lHW10ll . The difficulty 
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in treating (11.11 ) lies in the lack of spatial regularity of its solutions. In fact, it 
follows from the results in BHWIOH that solutions to (11.11 ) take values in for any 
a < ^ but not for a = ^- Unfortunately, it turns out that the pairing 

xC" 3 {u,v)^udxV (1.2) 

is well-defined if and only if a > ^. Even worse: there exists no "reasonable" Ba- 
nach space B containing the solutions to the linearised version of (11.11) and such that 
(11.21) extends to a continuous bilinear map from B x B into the space of Schwartz 
distributions, see for example | Lyo91[ and IILCL07II . As a consequence, it is not 
clear at all a priori how to interpret the term G{u)dxU in (11.11) and the classical 
approach to the construction of mild solutions fails. 

In all of the above mentioned references on the gradient case, this issue is re- 
solved by exploiting the conservation law structure of the nonlinearity. This means 
that the chain rule is postulated and the nonlinearity is rewritten as 

G{u{t,x)) dxu{t,x) = dxQ{u{t,x)) , (1.3) 

which makes sense as a distribution as soon as u is continuous. The approximation 
schemes studied e.g. in IIAG06[ IJB09I respect this conservation law structure by 
considering natural approximations of dxG- For example, it is not difficult to show 
that if solves 

dtUe = udlue+F{Ue) + ^(g{us{t,X + e)) - G {ue{t, x))^ + e{u,) ^ , (1.4) 

then Us converges to u for e 4, 0. Similarly, full finite difference / element approxi- 
mations also converge. 

In the non-gradient case, i.e. when such a function G does not exist, this ap- 
proach does not work. The key idea developed in IIHail2[|HW10ll to overcome this 
difficulty is the following: in order to define the product G(u{t, x)) dxu{t, x) as a 
distribution, it has to be tested against a smooth test function ip. This expression 
takes the form 

ip{x) G[u{t,x)) dxu{t,x) dx = / ip{x) G[u{t,x)) dxu{t,x). (1.5) 

-IT J — n 

The fact that we expect u to behave like a Brownian motion as a function of the 
space variable x suggests that one should interpret this expression as a kind of 
stochastic integral. In particular, a stochastic integration theory is needed to cap- 
ture stochastic cancellations. It turns out that the theory of controlled rough paths 
I Lyo98 1 [LQO2I ILCL07[ IGub04[ iFVTOl IGTTOI provides a suitable way to deal with 
spatial stochastic integrals like (11.51 ). Using this idea, a concept of solutions is 
given in IIHail2[ IHWIOH . These solutions exist and are unique up to a choice of 
iterated integral which con^esponds to the choice of the integral of u against itself. 
This is a situation analogous to the choice between Ito and Stratonovich integral 
that is familiar from the classical theory of SDEs. 

Even in the gradient case, effects of this non-uniqueness can be observed. A 
posteriori, this is not surprising: after some reflection, it clearly appears that pos- 
tulating the chain rule (11.31) is a rather bold step to take! Indeed, we have just seen 
that the expression (11.51 ) is akin to a stochastic integral, and we know very well that 
the usual chain rule only holds if such an integral is interpreted in the Stratonovich 
sense, while it fails if it is interpreted in the Ito sense. In IIHMIOII approximations 
to (11.11 ) are studied in the special case G = VG when the noise is additive, i.e. if 
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9{u) = 1. For a whole class of different natural approximation schemes, conver- 
gence to a stochastic process u is shown. The main difference with previous works 
is that in BHMIOL natural discretisations of G{u) dxU instead of natural discretisa- 
tions of dxQ{u) are considered. A typical example of the type of discretisation for 
the nonlineaiity considered there is 

G{u{t,x)) ^{u{t,x + £) -u{t,x)). (1.6) 

In general, the limiting process u = lim£_>o "e turns out not to be a solution of 
(11.11 ) in the classical sense. Instead, it solves a similar equation with an additional 
reaction term. This extra term depends on the specific choice of approximation and 
it can be calculated explicitly. As noted in HHMIOII . this additional term is exactly 
the correction that appears when changing to a different stochastic integral. 

In the present work, these approximation results are extended to the non-gradient 
case with multiplicative noise. We study a wide class of approximations (essen- 
tially the same as in HHMIOII but with slightly different technical assumptions) and 
extend the convergence result to the general case. Unsurprisingly, the techniques 
we use are quite different from HHMIOII . since the notion of solution for the limit- 
ing object is completely different. We make full use of the machinery developed 
in IIHail2[ IHWIOI and we develop a method to include approximations to rough 
integrals. In particular, we do obtain an explicit rate of convergence of the order 
£6"'^ for K arbitrarily small. 

There are several motivations for this work: Equation (11.11 ) appears, for example, 
in the path sampling algorithm introduced in IIHSV07II (see also IIHail2ll ). So far, 
the fact that the limit depends on the specific choice of approximation scheme had 
been shown only in the gradient case with additive noise. In this work we complete 
the picture by showing that the same effect can be observed in the general case and 
obtaining an expression for the correction term that arises. 

Another main motivation is to illustrate how the rough path machinery can be 
used to obtain concrete approximation results, including convergence rates. This 
is particulaiiy interesting, as similar techniques were recently used in HHaillbl to 
give a solution theory for the KPZ equation IIKPZ86II 

dth = dlh + \{dxhf -oo + i, 

where ^ denotes space-time white noise and "oo" denotes an "infinite constant" that 
needs to be subtracted in order to make sense of the diverging term (dxh)'^. This 
equation is a popular model for surface growth (see e.g. HCorl 11 and the references 
therein). It is conjectured that a large class of microscopic surface growth models 
(e.g. the lattice KPZ equation fS SOQII and variations on the weakly asymmetric 
simple exclusion process [GJIO. AssllH ). converge to h in suitable scaling limits, 
but so far this has only been shown for the weakly asymmetric simple exclusion 
process ||BG97i 

The present article provides a case study illustrating how one can obtain approx- 
imation results for a class of equations exhibiting similar features to those of the 
KPZ equation (see BHaillbl Section 4]). In this sense, the present work is really 
a "proof of concept" that lays the foundations for further analytical investigations 
into the universality of the KPZ equation. Notice that although the KPZ equation 
has additive noise, the construction in BHaillbll yields an equation that is very close 
to the case of multiplicative noise treated here. 



4 



MARTIN HAIRER. JAN MAAS. AND HENDRIK WEBER 



1.1. Framework and main result. For e > we consider a class of approximat- 
ing stochastic PDEs given by 

dUe = (v^eUe + F{Ue) + G{Ue)DeUe^ dt + e{u) H^dW 
uM = ul . 

Here, as usual, we have replaced the formal ^ with the stochastic differential of a 
cylindrical Brownian motion W on L^. The integral against dW should further- 
more be interpreted in the Ito sense. For simplicity, we assume that x takes values 
in [— TT, it] and we endow (11.71 ) with periodic boundary conditions. We do not ex- 
pect our results to significantly depend on this choice. Throughout the paper we 
will assume that F £ ,G £ , and 6 € C^. 

The operators A^, D^, and appearing in (11.71 ) are Fourier multipliers provid- 
ing approximations to 5^, dx and the identity respectively. In terms of their action 
in Fourier space, they are given by 

ATuik) = -k^f{ek)u{k) , (fLSl i) 

D^u{k) = ikg{ek)u{k) , (fTSb ) 

H^{k) = h{ek)W(k) . (fTSb ) 

Throughout the paper we will make some standing assumptions on the cut-off func- 
tions /, g and h. 

Assumption 1.1. The function / : R — >• (0, +oo] is even, satisfies f{0) = 1, and 
is continuously differentiable on an interval [—(5, 5\ around 0. Furthermore, there 
exists Cf G (0, 1) such that f[k) > 2c f for all k > 0. 

Besides this weak regularity assumption of / near the origin, we also need a 
global bound on its oscillations. In order to state this bound, we introduce the 
family of functions 

btik) = exp{-k^fik)-Cf)t) . 
With this notation at hand, we assume that 

Assumption 1.2. Tlw functions bt are uniformly bounded in the bounded variation 
norm: 

sup |6tLv < oo • 
t>o 

We make the following assumption on the approximation of the spatial deriva- 
tive. 

Assumption 1.3. There exists a signed Borel measure fi such that 

[ e'^^'nidx) =ikg{k), 

and such that 

^(M) = 0, |/i|(M)<oo, xn{dx) = l, Ixl"^ \fi\{dx) < oo . (1.9) 

Jr Jm 

In particular, we have {D^u){x) := ^ j^'^i^ + ^u) l^{d.y)> where we identify 
u : [— vr, vr] — 7- M with its periodic extension on all o/M. 
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(1.10) 



Note that the case D^u{x) = ^{u{x + e) — u{x)) mentioned in (11.4b and (11.61) is 
included as special case fj. = 6i — 6o. Finally, we make the following assumption 
on the approximation of the noise. 

Assumption 1.4. The function h is even, bounded and so that h"^ / f is of bounded 
variation. Furthermore, h is twice differentiable at the origin with /i(0) = 1 and 
/i'(0) = 0. 

Note that the assumptions on g and h are identical to those imposed in HHMIOI . 
Regarding the function /, Assumption 1 1.1 1 is actually weaker than the correspond- 
ing assumption in BHMIOI . However, we require the additional Assumption 11.21 
This assumption is not too restrictive and in particular all the examples discussed 
in MHMIOII satisfy it. See Remark [L9] below for the main reason why this addi- 
tional assumption is required. Note that the assumptions on / do not imply that the 
approximated heat semigroup S'e(t) := e*^= is continuous at in the space of con- 
tinuous functions. This is natural in the context of numerical approximations, since 
these would always involve the projection onto a finite-dimensional subspace. See 
Subsections l2.2l and l2.3l below for a more detailed discussion of this point. 

Let u be the solution of the equation 

du = [vdlu + F{u) + G{u)d^uj dt + 6{u) dW , 
n(0) = uq . 

In this equation, the vector valued function F is given by 

r :={r-AdidjGl9i), (1.11) 

where we follow the convention to sum over repeated indices. The correction con- 
stant A can be calculated explicitly as 

Note that a straightforward calculation shows that A is indeed well-defined, as 
a consequence of the fact that /i^ < / by assumption and that has a finite 
second moments. The constant A is identical to the constant appearing in HHMIOI . 
There, it has been calculated for several natural approximation schemes including 
the case where only the nonlineaiity is discretised, as well as a finite difference and 
a Galerkin discretisation. 

Note that in the non-gradient case G ^ VQ, (11.101) has to be interpreted as in 
BHWlOi Actually, there a slightly different equation is considered - the equation 
studied in BHWlOl does not include the reaction term F and more importantly, 
global boundedness of G, 9 as well as its derivatives up to order three is assumed 
to guai^antee global existence. Treating the additional reaction term F is a straight- 
forward modification that does not pose any problem for this approach. In the 
present paper, we also drop the assumption on the boundedness of F, G and 6, so 
we allow for explosion in finite time. We will simply deal with this by working up 
to a suitable stopping time. More precisely, for any K > we define the stopping 
times 

T^:=inf{t: |u(t)|c > A'}, 

where | • |c denotes the supremum norm. The explosion time of u is then defined 

to be T* = limA'^oo t^- 
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The main result of this article is the following theorem. 

Theorem 1.5. Let = — k for some k > 0. Then, for every k small enough, 
there exists a 7 > with \im.i^^Q = \ such that the following is true. 

Let\v?\ca* < 00 and sup^^i \u^\ca* < 00 and denote by and u the solutions 
to ( li.7D and liLlOi . If the initial data and satisfy additionally 

then there exists a sequence of stopping times Tg satisfying lime_>o Tg = r* in 
probability, and such that for any 7 < 7 

limPf sup \ue{t) - u{t)\c > e'') = . 

Remark 1.6. As pointed out below in Section|2]and in Appendix|A]the construction 
of the integral / Lp G{u) du involves in principle the choice of iterated integrals of 
a certain Gaussian process, but there turns out to exist a canonical choice X. The 
solution theory developed in MHWIOII still works if we replace X by 

X(s; X, y) = X(s; x, y) - A{y - x) Id , 

but it yields a different solution. In IIHWIOi it was shown that this solution then 
coincides with u. One can interpret this as stating that the approximations con- 
verge to solutions of the correct equation (II. II) . but where a different stochastic 
integral is used to interpret the nonlinearity involving G. 

Remark 1.7. In the additive noise case our rate of convergence is not optimal. 
Actually, at least in the case where the noise is additive and one only discretises 
the derivative, our argument in Sections |4] and [5] would give a better rate. We 
believe that in that case a slight improvement of our calculations would yield a rate 
of almost e^/^. We suspect this to be the true rate of convergence in that case. 

In the multiplicative case we do not expect the convergence to be very quick and 
our rate could be close to optimal. Actually, in IIHVIIII approximations to (11.11) 
were studied numerically. In the case of additive noise the convergence which is 
the content of Theorem 1 1 . 5 1 could be observed, but not in the case of multiplicative 
noise. It might however be possible to improve the rate of convergence by con- 
sidering weak (in the probabilistic sense) convergence, as was observed in IITT90I 
and recently exploited in the approximation to (II. II ) when G = BDeblli 

Note also that the rate ^ obtained here seems unr^elated to the "order banier" 
mentioned in MDGOII . 

Remark 1.8. The condition that the initial conditions are bounded in and con- 
verge in a larger space C 3 may seem slightly bulky. We choose to state the result in 
this way to obtain the optimal rate of convergence. Note that if has the regular- 
ity of Brownian motion and is a piecewise linearisation, then these conditions 
ai^e satisfied. We also refer to remark |27T] for a more detailed discussion about the 
initial condition. 

Remark 1 .9. A crucial technical difference between the present article and IIHMIOII 
comes from the fact that for most of the argument we work in Holder spaces in- 
stead of Sobolev spaces. This is necessary to apply the theory of controlled rough 
paths. Some arguments become easier in Holder spaces because Gaussian random 
fields tend to have the same degree of Holder regularity as Sobolev regularity. The 
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sample paths of Brownian motion, for example, take values in every Sobolev space 
H'^ for s < i but in no for s > ^. It also takes values in for the same val- 
ues of a which is a much stronger statement. (Sobolev embedding would not even 
yield continuous sample paths!) Using this additional information, we can skip the 
messy high frequency cut-off needed in the proof in MHMIOII . The price to pay 
is that it is more difficult to get bounds on the approximated heat semigroup. As 
the approximations are given in Fourier coordinates, bounds in L^-based Sobolev 
spaces are trivial to obtain, but the derivation in Holder spaces requires some work. 
For example, we need the additional Assumption 11.21 to ensure that the approxi- 
mations of the heat semigroup are well-behaved not only in Sobolev but also in 
Holder spaces. 

Remark 1.10. It is always possible to reduce ourselves to the case v = Ihy per- 
forming a simple time change. For the sake of conciseness, we therefore make this 
choice throughout the remainder of this article. 

1.2. Structure of the paper. We start Section |2] with a short reminder of the so- 
lution theory from MHWIOII . Then we introduce the main quantities needed for the 
proof of Theorem 11.51 and state the bounds on these. Finally, at the end of this 
section we give the proof of our main result. In the remaining sections we give the 
proofs for the bounds stated in Section |2l In Section [3] we provide a priori bounds 
on the main quantities involved. In Section |4] the convergence of the extra term 
is proved. In Section [5] the convergence of the term involving the spatial rough 
integrals is shown. The Sections [3]- [5] form the core of our argument. In Section[6] 
we prove some auxiliary regularity results. Finally, in Appendix |A] we recall some 
basic notions of rough path theory used in this work and in Appendix |B] we give a 
higher-dimensional extension of the classical Garsia-Rodemich-Rumsey Lemma. 



1.3. Norms and notation. Throughout the paper we will use a whole zoo of dif- 
ferent Holder type norms and for later reference we provide a list here. For a 
normed vector space V we denote by C{V) the space of continuous functions from 
[— 7r,7r] to V and by B{V) the space of continuous functions from [— 7r,7r]^ to 
V vanishing on the diagonal (i.e. for R G B{V) we have R{x,x) = for all 
X G [— vr, tt]). We will often omit the reference to the space V when it is clear from 
the context and simply write C and B instead. 

For a given parameter a G (0, 1) we define Holder-type semi-norms: 

\X{x)-X{y)\ \R{x,y)\ 
|X|„ = sup^ 1 _ 1^ and \R\a = sup _ , (1.13) 

and denote by resp. the set of functions for which these semi-norms are 
finite. The space C" endowed with | • |c" = I • |c + I ■ U is a Banach space. Here 
I • \c denotes the supremum norm. The space is a Banach space endowed 

with I • Iq, alone. 

For a function u : [0, T] x [-vr, vr] ^ or n : [0, T] x [-vr, vr] ^ IR"^'" and 
for any ai,a2 G (0, 1) and ti < t2 < T we denote by 

II II \uisi,x) - u{s2,y)\ \ r \\ r^ 

U Lai,Q2 := sup 1 ; ; ; h SUD \u(s,Xj\ (1.14) 



a;,3/G 7r,7r] x£[ 



2J 

-7r,7rl 
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the inhomogeneous a i, 02 -Holder norm of u. In most cases we will have ti = 
and then we simply write 

hllcfi'-^ — ll^llc;i;,"2- (1.15) 

If we are only interested in the spatial regularity, we write for 7 G (0, 1) 

II II \u{s,x) - u{s,y)\ I / M n 1A^ 

\mc7 , := sup . h sup n(s,x) , (1.16) 

se[ti,t2] \x-yr s&[t^M 

a;,j/6[— 7r,7r] 7r,7r] 

and if ti =0 we use \\u\\ri ■= \\u\\r-t ■ We simply write 

II iit,( II iiCjQ f J 

sG[ti,t2] a;S[— 7r,7r] 

and Ct := C^^t] for the supremum norm. We will also need a similar norm, for 
functions that depend on two space variables. For R : [0, T] x [— vr, vr]^ — )• or 
R : [0, T] X [-vr, tt]^ M"^" we write 

\\Rh^ ■■= sup sup L^i™^. (1.18) 

Finally, we will sometimes have to allow for blowup of a function near time ti > 0. 
This can be captured by 

\\Rhz ^,--= ^np {s-t,f sup ^ill^, (1.19) 

for some /3 E [0, 1]. As above, if ti = we write 

WRWbI, ■■= \\R\\Bl^,y (1.20) 

We will write C°\q,Cj^_,^],C[i,,f,], and Sj^^^^j,^ for the spaces of con- 

tinuous functions for which these norms are finite. 

We will avoid the use of indices as much as possible and only use them if expres- 
sions would get ambiguous otherwise. When we do use indices, we always use the 
convention of summation over repeated indices. We will write A'^ = ^{A + A*) 
and A'^ = ^{A — A*) for the symmetric and anti-symmetric part of a matrix A. 
The Hilbert-Schmidt norm of a matrix A will simply be denoted by \A\. 

Finally, we will use the notation x < yto indicate that there exists a constant C 
that does not depend on the relevant quantities so that x < C y. Similarly, x y 
means that C~^x < y < Cx. 



2. Outline and proof of the main result 

We start this section by presenting an outline of the construction of solutions 
to (11.11 ) in Subsection 12.11 In Subsection 12.21 we discuss how the quantities in- 
volved behave under approximations. The proofs of the bounds announced in this 
subsection form the core of this article and will be presented in the subsequent sec- 
tions. Finally, in Subsection 12. 3 1 these bounds will be summar ised to give a proof 
of Theorem 1 1.5 1 
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2.1. Construction of solutions to rougli Burgers-like equations. In this section 
we give an outline of the construction of local solutions to (11.11 ). The construction 
given here differs slightly from the construction presented in BHWIOL This will 
make the proof of the main result in Subsection l2.3l more transparent. We comment 
on the differences below in Remai'k l2!2l We refer the reader to Appendix |A] for the 
necessary notions of rough path theory. For the moment, we assume that a is an 
arbitrary exponent in (i, i). We will fix it below in Subsection 12.31 

Let us start by fixing some notation. Throughout the paper we will write 

S{t) = e*^ 

for the semigroup generated by A. Recall that the operator S{t) acts on functions 
as convolution (on the torus) with the heat kernel 

Mx) = -^Y.e~'^\^'^. (2.1) 



/27r 

For adapted tt, vr] valued processes 6 and F we will frequently write 

^\t):= [ S{t- s)e{s)dW{s) and := f S{t - s) F{s) ds. 

Jo Jo 

Then with this notation the mild formulation of (11.11) reads 

u{t) =5(t)'u° + ^'^(")(t) + $^(")(t)+ S{t-s)G{u{s)) dMs)ds. (2.2) 

Jo 

The terms S{t)u'^ and the reaction term $^(") do not cause any major difficulty. 
Therefore, for the moment we will concentrate on the two terms 

^e{u) ^ f s{t- s)d{u{s))dW{s) and [ S {t - s) G {u{s)) d,Ms) ds . 
Jo Jo 

As pointed out in the introduction, we will use the theory of controlled rough paths 
to interpret the term involving G. We will write 

ft 



S"(i) := [ S{t- s)G{u{s))dc,u{s)ds 
Jo 

rt r rn 

■= I f Pt-s{- - y)G{u{s,y)) dyu{s,y) 

Jo iJ-TT 



(2.3) 

ds. 



In order to define the spatial integral on the right-hand side of (12.31 ) as a rough in- 
tegral, for every s G (0, t) we must specify a reference path X{s). These reference 
paths must meet the following requirements: 

• For every s it must be possible to construct the iterated integrals 

X(s; X, y) = r {X{s, z) - X{s, y)) ® d,X{s, z). (2.4) 

J X 

• For every s the random function x i— )• ti(s, x) must be controlled by X(s), 
in the sense that we need to be able find a derivative process n'(s, x) such 
that 

u{s, y) - u{s, x) = u'{s, x) (X(s, y) - X{s, x)) + Ru{s; x, y), (2.5) 
where the remainder i?„ is more regular than u. 
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Such reference paths are provided by the (Gaussian) solution to the linear stochastic 
heat equation 

dtX = dlx + i. 

Actually, the construction of X is rather straightforward. The point is that X is 
a Gaussian process with explicitly known covariance structure so that known ex- 
istence results (see BFVIOII ) apply. The process X is constructed by evaluating 
(12.41) for a sequence of approximations to X and checking that the sequence of 
approximate iterated integrals converges in the right sense. The crucial ingredient 
for this calculation is provided by Nelson's estimate that yields the equivalence of 
all moments in a given Wiener chaos. 

When checking (12.51 ) it is sufficient to look at the term ^'^("). Actually, the terms 
S{t) M° and will be in space. So they can be included in the remainder 

i?" and we need not woiTy about them. The same is true for the term discussed 
in (12.31 ) as can be established with the scaling lemma IA31 

For ^(") we can write 
^0{u) _ ^eiu) ^) ^ ^(^^ ^) (^(^^ _ x^t, x)) + (t; X, y). 

It is shown in IIHWIOI Proposition 4.8] that the term i?^^"^ does indeed have the 
necessary 2a regularity near the diagonal as soon as 

4 + sup |n(t,.)|V (2.6) 

V *,t6[0,r] \t - Sr'^ + \X- te[0,r] J 

is finite for a a suitable stopping time r and large enough p. This is precisely the 
regularity we expect for u. With these observations at hand we are ready to set up 
a fixed point argument to solve (12.21 ). 

We set /3 = a + k/S, where as above k > is assumed to be sufficiently small. 
Then for some p > 2 we denote by Ap the space of triples 

that satisfy the following conditions: 

• The processes t ^ u, t ^ u' , t ^ Ru we. adapted. 

• Almost surely, for every t G [0, T] the triple u{t, ■),u'{t, ■),Ru{t, •) is con- 
trolled by X{t,-). To be more precise, we assume that (12.51 ) holds almost 
surely for all s, x, y. 

Here the refers to p-th stochastic moments. 

It is easy to check that Ap is a closed linear subspace of (C^^^'") x (C^) x 
-LP(;B|P^y2)- Then for such a triple {u, u' , Ru) and for any stopping time r < T it 
makes sense to define 

M : (u,u,Ru) H> {u,u,Ru), 

where 

u{t) := (5n° + + + H") (t A r), 

u'{t) := 6{u{t At)), (2.7) 
Ru{t) := 6(^Su^ + + H") (t A r) + ((^^^("^ - d{u)5x'^ {t A r). 
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Here the difference operator 6 is defined as 

6u{s; X, y) := u{s, y) - u{s, x). 



(2.8) 



Using tiie bounds mentioned above, we can show that, for u € and under 
suitable assumptions on r, k and p, the operator is a contraction from a ball in 
Ap into itself. 

As usual one can obtain solutions on a longer time interval by iterating this 
procedure. For fixed choice of the iterated integral process X these solutions are 
unique. 

Remark 2.1. The reason for allowing the remainder K" to blow up like near 
zero lies in the initial condition u*^ G C°. Actually, the regularising property of the 
heat semigroup implies that for /3 > a we have 



We need this bound to control the contribution of the initial condition to the re- 
mainder term. 

This issue would be avoided completely if we could assume that G C^". The 
problem is that even under this stronger assumption on the initial condition, after 
positive time the solutions u{t) would only attain values in C° for any a < ^. This 
would make it impossible to iterate this construction to get solutions on a longer 
time interval. 

Another way of avoiding the explosion of the remainder would be to assume that 
is already controlled by a Gaussian process. We could, for example, replace 
the reference rough paths X by the stationary solution X to the stochastic heat 
equation with an additional potential. Then it would make sense to assume that uq 
is controlled by ^(0). 

Remark 2.2. The construction in BHWIOII is shghtly different as it is split up into 
an inner fixed point argument to deal with the term involving G and an outer fixed 
point argument to conclude. This corresponds to a semi-implicit Picard iteration 



The advantage of this approach is that it separates more clearly the deterministic 
part from the probabilistic part of the construction. The price to pay is that some 
stopping arguments get more involved. In terms of the bounds needed both con- 
structions are essentially equivalent. 

2.2. Outline: Behaviour of the main quantities under approximation. In order 
to prove Theorem 11.51 we will go through the construction we just described and 
see how the terms behave under approximation. 

For e > we denote by (t) = e*^= the semigroup generated by the approxi- 
mated Laplacian defined in (ll.Sbl ). Similarly to S{t), it is given by convolution (on 
the torus) with a heat kernel 



supt 2 |5(i)n' 










(2.9) 
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As above, for any adapted L^[— vr, vr] valued processes 9 and F we will write 

^f(i)= f Se{t- s)9{s)HsdW{s) and $f (t) = [ Se{t - s) F{s) ds. 
Jo Jo 

Using this notation the mild version of the approximation (11.71 1 takes the form 

(2.10) 



+ / Se{t-s)G{ue{s))DMs)ds. 
Jo 



Note that for fixed e > 0, we do not need rough path theory to solve this fixed 
point problem. The existence of local solutions can for example be shown through 
a fixed point argument in Ct- For positive e the approximate derivative operator 
is actually continuous on the space of continuous functions, but the operator norm 
blows up as e goes to zero. Therefore, it will be useful to introduce approximate 
reference rough paths (XgjXg) and interpret the term involving G on the right- 
hand side of (12.101) as an approximation to a rough integral. 

We choose X^, the solution of the approximated stochastic heat equation 

dXe = A,Xedt + HedW{t), 

as a reference rough path. For convenience we assume zero initial conditions for 
so that we get 

Xe{t) = f Se{t-s)H,dW{s). 

Jo 

Our first task then consists of checking that for every s the process ^^(s) can 
indeed be lifted to a rough path (X^ (s) , (s) ) and that for a given adapted process 
9 the approximate stochastic convolutions ^'^ are indeed controlled by X^. This is 
established in Section [3] To be more precise, we will give bounds on the Holder 
regularity of in Lemma [3TT] The behaviour of (XgjXg) as a rough path is 
discussed in Lemma [331 Finally, in Lemma [331 the regularity of the remainder 

R',{t;x,y) = {^l{t,y) -^',{t,x)) - 9{t,x){Xe{t,y) - X,{t,x)) (2.11) 

is treated. For all of these quantities we can show convergence as e goes to zero 
towards the corresponding terms for the limiting equation. 

Let us point out that, while the derivations of the a priori bounds on and on 
{X^, Xg) are rather straightforward, the result for the remainder requires more 
thought. There are two key difficulties. The first one lies in getting bounds on the 
integrals 

rt /-TT 

\2|„ „,|2a 



//■ 



{pt-sixi - y) - pUix2 - y)) \xi - vr dy ds. (2.12) 

/O J~1T 

In IIHWIOII the corresponding bounds were obtained in the limiting case e = 
using the representation 




which is not available for e > 0. We circumvent this problem by adapting a result 
of Stein IISte57ll on Fourier multipliers on weighted spaces to the current context. 
These results can be found in Lemma [STTl and Lemma [d!2l 
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The second main problem lies in the lack of time regularity of the the approx- 
imated heat semigroup near 0. As pointed out in (12.61) in the case e = the 
space-time regularity of u is needed to show the spatial regularity of R^^'^\ In the 
case e > we establish in Lemma 1631 that S'e(t) does have the necessary time reg- 
ularity for times t > e^. To this end we make use of the Markinciewicz multiplier 
theorem. We use this to show that the remainder EP^ does have the desired spatial 
regularity for times t>e^ with a blowup for i | e^. 

Once we have established that is well behaved, it remains to check the be- 
haviour of the term 



pUs{- -y)G{ue{s,y))DeUe{s,y)dy 



ds 



(2.13) 



when e I 0. One might hope that for small e the integral in square brackets behaves 
like an approximation to the rough integral 



£ 



Pi 



y) G{ue{s,y))dyUe{s,y). 



(2.14) 



Unfortunately, this is not true. As pointed out in Appendix |Al rough integrals are 
limits of second order Riemann sums like (IA.5I ). Since the contribution of the 
second order term may not be negligible in the limit, one cannot hope to prove 
that the first order expression in the second line of (12.131 ) approximates the rough 
integral (12.141 ) in general. In order to enforce this convergence, we simply add the 
"missing" second order term to the right-hand side of (12.131 ). 
Therefore, we set 



Pi 



y) G{ue{s, y))DeUe{s, y) dy 



ds 



(2.15) 



+ 

where 



/ / PLsi--y)DG{us{s,y))u^{s,y)Ds^eis;y)u^{s,y)dyds, 

Jo J~TT 

De^e{s;y) = - I ^e{s;y,y + ez) i^idz) , 

^ JR 

and u'^ is a rough path derivative of with respect to X^. 

We will denote the extra term appearing on the right-hand side of (12.151) by 

V-(t.):-jJy-A--y)DG(u,(s.y)) ^^^^^ 

X u^{s, y) Dey^e{s\ y) u'^{s, y) dy ds. 
Actually, here we have hidden a bit of non-trivial linear algebra in the notation. 
The expression defining T"^ is trilinear and it is not obvious which term is paired 
with which. At this level, this does not matter and we will give a precise definition 
in (15.41 ) below. 

In Section[5]we establish that, under suitable assumptions, approximates 

rt r rn 

^"(*) := / / Pt^si- - y)G{u{s,y))dyu{s,y) ds , 

Jo LJ-tt 

provided that the quantity 



\X -X, 



e\\C° 



1^ ~ ^eWel" + 



UeWc^ + 
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is small. A key ingredient of the proof of this statement is Lemma 15.21 which 
treats the behaviour of rescaled rough integrals under approximation. As above the 
approximation of the heat semigroup poses an obstacle. In Lemma |64] we refer to 
the Marcinkiewicz multiplier theorem to prove that it satisfies the right regularity 
properties. 

By adding a rough path derivative and a remainder we can then interpret Ue as 
solution to the fixed point problem for the operator 

{Ue,U^,Ru,) ^ MeiUe,u'^,Ru,) = {Ue,u'e,Rue) 

where 

u^{t) := (^Se n° + + $f - T^- + H^'^) {t A r) (2.17) 

u',{t) :=e{ue{tAT)), 
Ru^ (t) := 6 (5, u^, + «>f - T^^ + H^^) {t A r) 

+ (<5^^("^)-0(n,)5X,)(tAr), 

for a suitable stopping time r. Here the operator 6 is defined as in (12.81 ). 

As expected, the term will be responsible for the emergence of an extra 
term in the limit. To treat it in Section |4] we will discuss the convergence of the 
term -D^X^. 

It turns out that for e small enough this term behaves like Aid, where A is 
the constant introduced above in (11.121 ). Note that the a priori knowledge of the 
regularity of would not even imply that the quantity remains bounded. 
The convergence is a consequence of stochastic cancellations. The relevant bound 
is given in Proposition 14.11 There, convergence in any stochastic space with 
respect to the Sobolev norm is proved. In the next subsection we will be able 
to conclude convergence of the triple {us, u'^, Ru^)- 

2.3. Proof of the main result. Now we are ready to finish the proof of our main 
result. Theorem 1 1.51 assuming the results from Sections |3]-|6l 
Similar to (12.161 ) we define 

T^(t,-):=A f r Pt^s{--y)DG{u{s,y))u'{s,y)u'{s,y)dyds (2.18) 

Jo J-TT 

where the indices are to be interpreted as in (11.111 ). Then the mild form of (11.101 ) 
can be written as 

u{t) := S{t) n° + + - T"(t) + E^{t), 

u'it):=e{u{t)), (2.19) 

Furthermore, for t < t* the process Ue solves the fixed point problem for the 
operator Aie defined in (12.171 ). Recall that r* denotes the explosion time of u. 
Similai^ly, here r* denotes the explosion time for n^. Note that the extra term 
T" corresponds to a reaction term and poses no additional problems for the well- 
posedness of the equation. 
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In order to optimize the convergence rate we have to work with three different 
Holder exponents 

Oii, > a > a . 

Recall that in the introduction we have set = ^ — k for a sufficiently small 
K > 0. We will fix a = — K to be a bit smaller and d G (5,0] arbitrary. We will 
also fix the blow-up rates /3 = a + k/3 and /3 = d + k/3. Note that the regularising 
property of the heat semigroup imphes that 



t^S{tyL<\u\ and t^\Se{t)u\< 



and similarly for d, f3. Actually, in the case of the heat semigroup S this is a stan- 
dard regularity result and it would even be true for /3 = a. For the approximated 
semigroup Se the regularisation is shown in Lemma |63] 

The reason for introducing these three different exponents is the following. The 
convergence rates of some of the quantities considered in Section |3] become better 
when measured in a lower regularity norm. But the bounds on [DgX — Aid 
in Proposition 14. 1 1 as well as the convergence rates of the approximated rough inte- 
grals (see e.g. Lemma l5!2l ) become better for larger spatial regularity. Hence it is 
useful to use a priori knowledge on the boundedness of the a norms for these terms. 
The a* is only needed to bound the deterministic part of the equation. It accounts 
for the loss of regularity in the bounds on the approximate heat semigroup. 

First we introduce the following stopping times. Recall the definitions of the 
norms || • || 0/2,0, || • ||c° from (11.151 ) and (11.161 ). Then for any A' > we define: 

:= inf |t: ||A||^o/2,o > AT or ||X||g2c > A:|, ^L20k ) 
0-]^ := inf |t: |u(t)|c«* > a: or ||u||^„/2,c > A:|, (IZIOb ) 

a§:=mf\^t:\Ru{t)\2a>Kt-^ or \Ru{t)\2a > Kf-^ . 

Here we follow the convention to set the stopping times to be T if the sets are 
empty. It follows from the bounds in Sections[3]-[5]that for suitable initial condition 
these stopping times are almost surely positive. Remark that for t < a"^ we have 

ll^^'llcf = \\0{u)\\c^ < sup \9{u)\ + sup \D9{u)\K. .^l]) 

\u\<K \u\<K ^^■^^> 

Then we set 

In order to have a priori bounds on the corresponding e-quantities we introduce the 
following stopping times 

:= inf |t: ||A: - A:e||^c/2,<. > 1, or ||X - Xe||g2. > 1, 

or D^X^ft) - Ae(t)Id > l|, (IZm ) 
:= inf |t: ||m - Us\\c^ > l| A inf |t > e^: \\u - Ue\\^c/2,c, > l|, (12.22b ) 



gf := inf It > : \Ru{t) - RuMha > {t - e^)" 2 
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or \Ru{t) - RuAt)\2a > {t - e'^y^y 



(1222b ) 



The auxiliary constant Ae(t) is a natural approximation to A which is defined in 
(14.21) below. In (I2.22bl) the quantity Ru^ is defined as in (12.171 ). Finally, define 



(TK A of Aq^ A Q^, 



where again, we set the stopping times equal to T if the sets are empty. It is clear 
from the definition that for t < qk e we have deterministic bounds on 



\X, 



£ \\^a/2,a 



ll^(^.)llcf 



I-^"Jb2<. ,|i?njg2a , Unfile- 

.t\ .n [f^ ^' " 



From now on, to reduce the number of indices, we will write 

te ■■=t A QK,e- 

Most of the rest of this subsection will be devoted to the proof of the following 
theorem which implies our main result. Theorem 1 1.5 1 

Theorem 2.3. Let the exponents a^,, a, a, (3, (3 be as stated at the beginning of this 
subsection. Suppose that the initial conditions satisfy 



\u 1^^^ < K and 



Kl^,, <K + l 



for some large constant K. Then there exists a constant 

7 = 7(«,«^) > 0, 

such that if 



then for any terminal time T > we have for any 7 < 7 



\u — u. 



+ \\u — U, 



+ I I Ru Rur 



I H2a 



0. (2.23) 



Furthermore, for every fixed a, the constant 7(0, k) can be chosen arbitrarily close 
to ^ — a by taking k > sufficiently small. 

Proof of Theorem IZil Thi^oughout the argument, we will always be dealing with 
times t < qk,£ and the functions F, G, 9 will only be evaluated for u with \u\ < 
K + I. All the quantities of interest will remain unchanged if we change F, G 
and 9 outside a ball. Therefore, from now on we can and will make the additional 
assumption that 

IgL., < 00 , |( 



< 00. 



For any d E a] we will derive a bound on the quantity 



+ E 



l«-'«eli;a/2,a 



+ E 



Ru Rui: 



Using the equations (12.19b and (12.171) that u and satisfy we get the bound 



(2.24) 



i=l 
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where 



+ sup {s- e'^)2\S{s)u'' - Se{s)u 



01 

£ \Q2a 1 



Ilit) 



E 



+ E 



a/2, a 



E 



I^F(S) _ ^F(n,)| 



P 



-,5/2, a 



+ E 



sup S 2 

0<S<te 



(12:25b ) 



E 



,3/2,5 



+ E 



sup s2|T"(s) -T^-'(s) 

0<S<ie 



E 



" +E 



IIP 



'^2,4,1 



+ E 



sup si|H"(s)-H^^(s) 



0<S<te 



Actually, in If - /g* we give slightly more information than needed. Note in par- 
ticulai^, that in , ^4 , and If^ we allow for blowup at not at . This bound is 
strictly stronger. 

We start by giving a bound on If. For every t > we get 



|5(-)nO-5,(-)n°||^./2 



u 



)g|La/2,5 + II (S'(-) - 5e(-))tt°|| a/2,5 



,0 



(2.26) 



Here we have used the fact that the heat semigroup is a contraction from to 
C° as well as the time continuity of the heat semigroup in the first term. In the 
second term we have used Lemma |64] and Lemma [631 which provide bounds on 
the spatial regulaiisation due to the approximated heat semigroup. We use Lemma 
16.61 to get the temporal regularity. Let us stress again that this lemma only yields 
information for times t> . 
The remaining terms in (I2.25hl ). 



|5(.K-S,(.)^°| 



and sup s2\S{s)%f^ - Se{s)v^^\ 



(2.27) 



can be bounded by the same quantity. Here we use that the Lemmas 16.41 and 
about the spatial regularity hold for arbitrary times. We also use the fact that /? = 
a + k/3 has been chosen in order to compensate for the blowup of the C^"-norm 
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of S{t)u^ near zero. Hence, we can conclude that 



If{t)<\u'^-n' 



+ e' 



Q* — Q — k/2 



(2.28) 



This is the only part in the ai^gument, where we will use the boundedness of or 
M° in the C"* -norm. 

The bounds on are derived in Section |3i More specifically, for 



p > 



6 



1 - 2d 
we get using Corollary 13.21 



and 



Ai 



6 

1 - 2q - - 
P 



E 



I £ \\c° 



< E 



-73/2,(5 



' +E 



I £ W/^'-' 



a/2, a 



<t^E 



\e{u)-e{ue)t 



+ e^i"E 



Ct. 

+ e 



\e{ue)\\l 



(2.29) 



In passing from the second to the third line, we have used (13.141 ) and (13.151 ) as well 
as the linearity of the map 9 ^ '^^ . When passing from the third to the fourth line, 
we have used the definition of the stopping times qk^^ and in particular the fact that 
for t < QK.e the C^-norm of 6 is bounded by a deterministic constant. 

In particular, by choosing p large enough and k small enough the rate Aia can 
be increased arbitrarily close to ^ — d. 

In order to get a bound on the second quantity in we write 



E 



\ '•e R2a 

[e2,te],;3/2 



(2.30) 



< E 



+ E 



|^^(n)_ 



[£2,t£]„8/2 



The first term on the right hand side of (12.301 ) can be bounded directly using Corol- 
lary [3]7] Actually, using the time regularity of Q(u) for all times in ^■,QK,e\ we 
even get a bound without blowup. Then for 

2 + 6a , 4d 1 2 + 6a 

V > 



a{l + 2q - 4d) 



and 



Ao =1 



l + 2a pa(l + 2a) 



we obtain 



E 



< £^2" IE 



(^)|Lq/2,Q 



I - MP 

|'"||^q/2,c« 



Here we have used the fact that the stopping time gK,s is almost surely smaller than 
the stopping time gfj^ defined in ( 13.491 ). Note that as above by choosing k small 
enough and p large enough the rate can again be increased arbitrarily close to 
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The bound on the remaining term in (12.301 ) requires more thought. Here we 
write 

s s e + (f^)^.f 



The processes BP, 2\± 2 are defined below in (13.471 ) and (13.481 ). For R^(^2\+ ^''"^^ we 



[32] 



can use Corollary [32] once more to obtain for 



that 



P > 



E 



2 + 6(5 
a(l - 2a) 



e{u)-d(Ue) \\p 



and A3 =1 - - - > 0, 

1 + 2q p q(1 + 2a) 

11^(^2) -0(n,)|P,/,„ 



n — n 



To bound give a bound on R^i^^}- ^^"^^ we refer to Lemma [3^ We get for p > — 



that 



2a 



where A4 = a — d + k/2. 

The bounds on and are provided in Section[4] Using Proposition l4.6l twice 
we get 



lf(t)=E 

+ E 



I e llc° 



sup sf |$^(")(s) -$f("-)(s)| 23 

0<s<t£ 

1 



(2.31) 



< t^-2~''E 



m — Up 



\ net 



Here we have used that due to the definition before the stopping time qk^c the 
norms IImHc" and ||tie||c« are bounded by K. 
Then using Proposition 14.71 we get 



If (t) = E 



I -L |La/2,, 



+E 



sup s2 T"-T" 



0<S<ie 



<e^-"-'^+ sup t2 A,(t)-A 

0<t<T 



+ E 



sup 



Z)eX,(t,-)-Ae(t)Id 



1 + a — q: , 

+ E 



m — Up 



+E 



|^(^z)-0(n,)||^s 
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We use Proposition 15.11 the main results of Section [51 to bound I^. Using (15.6 
and (15.71) for 7 = a and 7 large enough, we get 



E 



IIP 



--,a./2,a 



(2.32) 



Using (15.61 ) again for 7 = 2d! we get 



E 



sup s 2 |H"(s) - H"=(s)| 



' <E[VP]-pt 



1 l-,S->i 



. (2.33) 



Note that we have used again, that due to the stopping time qk,s aU the relevant 
norms are bounded. In particular, the constants that are suppressed in the < nota- 
tion depend on K. As above, in (12.32b . (12.331 ) we have used the notation 

Ve = \\X - XsWcS. + ||X - XellgM + ||n - Ue\\c& + \\0iu) - 0iUe)\\c&^ 



The quantity E[Pe] p can be bounded by 



E[VP]p <E 

+ E 

<E 



' +E 



llf — X IIP 



I p _ p IIP 

[£2,td./3/2 



\x -X^ 



' +E 



llf _ If l|P 

1^ ^e\\j^2a 



E 



\u — u, 



■ellCf 



(2.34) 



Here we have used the fact that u' = 6{u) and u'^ = 9{us) as well as the bound 



\\e{u)-e{uMc^.< 



For the rough paths and X we get from Corollary 13. 4l that for 

A5 < 1 - 2d 

we get 



E 



e 2 



and E 



jXg — X||g2a 



1/p 



< 



e 2 



(2.35) 



So finally, we get from (HH, ^2251 . ^M, ^M, (12301) . (12321) . (l233l) . (12351) 



£:°(t)<t^£:"(t)+e^ + |n' 



(2.36) 



Here the exponents 7, 7 > are the minima of the corresponding exponents in 
the above calculations. Note that a priori 7 depends on k and p. As the bounds 
only become better for larger p which in turn implies the bound for smaller p due 
to Young's inequality we will ignore this dependence. In particular", 7 = 7(d, k) 
increases to i — d as k J, 0. 



By choosing t = small enough the first term on the right-hand side of (12.36b 
can be absorbed into the left-hand side. Then we get for some constant 



sup < K^e'^ + KAu 

0<s<tt 



(2.37) 



Now if > gK,e we are done. 
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Otherwise, we have to iterate this argument taking and as new 

initial data. Note that and t* depend only on the choice of K and a, a but not 
on e or the particular choice of initial data as long as they satisfy 



\u^\c'^* < K and |u°|c"* < -fC + 1. 

The definition of the stopping time o"^ in (I2.20bl) ensures that if > QK,e the 
function u{t^) satisfies this bound. Unfortunately, we do not have an a priori bound 
on the C"* norm of u^{t^ A qk,£) at our disposal (but only on the norm!). We 
resolve this problem for the moment by restricting ourselves to the set 



{ 



U — Melc^* 



< 



(2.38) 



On this set, by definition we have that |tie|c"* < K + \ which is enough to iterate 
the bound. 

Actually, one still has to be a bit careful. By restarting at one obtains the 
estimate 

i/p 

+ E 



E 



\u — Up 



i/2,, 



+ E 



"[(,+£2^2**] 

\Ru[s)-RuAs) 



U — Up 



\P 



IP 

\q2& 



[t*+e2,2t,]/3/2 



1/p 



1/p 



< K^e^ + K^E[\u{U A QK,. 

< {k, + kI)e^ + kI 



Ueit* A QK,t 



I 1/p 



- 



There are two problems to address: The first problem is that the remainders and 
Ru^ that appear here, are the remainders with respect to the solutions X and of 
stochastic heat equation and the approximated stochastic heat equation restarted at 
. This problem can be resolved easily by observing that according to the defini- 
tions dlTT] ) and ( 12191 ) 



I {Ru{s) - Ru^ (s)) - {Ru{s) - Ru, {s)) 



2a 



< \e{u)-6{u,)\ 

Id 



\X -X\ 

+ \e{u)\^\{X{s)-X{s)) - {X,{s) - Xe{s))\ 
Observing that 

Xis)-Xis) = S{s-QXit*) and X^is) - X,{s) = Se{s - Q Xe{t*), 

and using again the a priori bound in Lemma [331 on the moments of |X|q, as well 
as the regularising property of the heat semigroup and the approximated heat semi- 
group in Lemma [63] we get 

\{R^{s) - R^^is)) - {Ru{s) - RuAs))\^^ 



< 



{s — t*) 2 \u{s) — Ue(s)L + (s — t*)' 



1 h5 

2 6 2, 



The first term has already been bounded and hence - possibly by replacing K^: by 
2K^, we obtain the bound 



E 



\Ru{s) - RuAs) 



IP 



[t*+e2,2t, 1/3/2 



< {K,+Kl)e^ + Kl 
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The second issue concerns the weight (s — t*)'^. A priori this bound does not imply 
the convergence of because there the ^^"-norm of Ru may only blow up at 
but not at every multiple time fct* +e^. For e small enough this issue can be avoided 
if we additionally restart the process at times "^^^^ t^ and for every s take the better 
bound. 

In this way we finally obtain the bounds 



E 



\Ru{s) - RuA^) 



\v 



[e2,2t.]/3/2 



'^3t»/2 



■£\C° 



In the same way we get the bounds 



E 



\U — Up 



'-JV»i,/2 



]V*t*/2 



1/p 



7/0| - 



and 



E 



m — u, 



tjV,t,/2 



1/p 



7/0| - 



Here the events defined as in (12.381) and := [2T/t^:\ . 

Now using Chebysheff 's inequality we get for any 7 < 7 



U — Up 



+ \\u- 



Up 



+ \\Rr, 



""'^[e2,Te],/3/2 



^ ^t,/2 n . . . n X7v,t,/2 



(2.39) 



< e-^P E 



|u — UjII a/2,5 — UelL 



a + \\Ru R'a^ 



I H2a 

[e2,T.l,,9/2 



■'■^t,/2-'--^t. -'-■^3t*/2 ■ ■ ■ ■'-^JV,t,/2 



< 



-IP r^P 



u 



OiP 



a) ^0. 



Thus, in order to conculde the desired estimate (12.231 ) it only remains to show that 
the probability of each of the finitely many sets Xktt/2 go^s to one. 

For simplicity we will restrict ourselves to the set 'Xt,/2 but the argument for the 
other sets is the same. In (12.371 ) we had already seen that 



E 



\u{U/2)-Ue{U/2)\''^^ 



+E 



t\Ru{U/2)-RuAU/'i^ 



1 2a 



u 



£\C° 



In order to conclude that this implies that u{t^/2) is also close to Up{t^/2) in C"* 
with high probability, we need the following trick: u and Up are controlled rough 
paths and we have 

6u{U/2;x,y) = 9[u{U/2,x)) 6X{t^/2;x,y) + Ru{U/2;x,y) 

5ue{U/2-x,y) = 9{up{U/2,x)) 5Xp{U/2-x,y) + Ru,{t*/2]x,y). 



23 



Using this decomposition we can conclude that in order to prove convergence in 
probability in C"* it suffices to prove convergence of 9{ue) in C, in C"* as well 
as Ru^ in 3°^* . These bounds are readily accounted for. Hence we can conclude 
the proof of Theorem l2.3l □ 



Proof of Theorem [731 In order to conclude Theorem 11.51 it is sufficient to show 
that we have 



lim liml 

K^oo £4,0 



sup 



0. 



(2.40) 



Indeed, then the sequence can be chosen as a suitable diagonal sequence. 
Recall the definitions of the stopping times qk^e and ax in (12.201 ) and (12.221 ). 
In order to see 12.401 we write for any K > K 



sup 

0<S<T. 



< 



K 



sup 



Up 



QK,e < 



(2.41) 



The first term on the right-hand side has already been bounded in Theorem 12. 3 1 In 
order to obtain the optimal rate, here we choose a to be as small as possible, i.e. 
just a bit larger than i. In particular, by choosing k small enough we can increase 
7 up to arbitrarily close to i. 

According to the definition of the stopping times we have 



QK,e <(^K 

X - 



Xir\\ a/2.a > 1, or ||X 



or sup 

0<t<(^K,, 



DsXsit)-Ald 



H- 



Xe||g2Q: > 1, 

> 1, or \\u — 



> 1, 



(2.42) 



or \\u-Ue\\c^ > 1, or sup (t - e^) 2 |i?n(t) - i?«,(t)|2a > 1, 

or sup t2\Rji{t) - Ru.{t)\2a > 1 
0<t<QK.e 

We have already provided all the bounds that imply that for any K this probability 
goes to zero. In fact, the bounds for X — X^, |X — Xe|g2Q and \DsX.s{t) — 

Aid |^_^ are independent of K and given in Corollary 13. 3l and Proposition 14. II 
The bounds for the remaining terms in (12.421 ) follow from applying Theorem 12. 3 

again - once with a = a and once for arbitrary a. Note that it is crucial for this 

argument, that we allow for the choice a = a. In this case the convergence is very 

slow, but this does not matter for the argument. 

Finally, we write for the last term on the right-hand side of (12.411 ) that 



\x\ 



c 



/2,. 



> K, or ||X||g2a > K, or \\u\ 



c 



>K, 



or sup t2\Ru{t)\2a> K, or sup \Ru{t)\2a > K 

0<t<TK 0<t<TK 

It follows from the bounds in Corollary 13.41 that the probability of ||X|| Q/2,a > 
K and the probability of ||X||g2Q > K go to zero as K goes to 00. The same 
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Statement about the probabilities involving u and Ru follows from the global well- 
posedness of the equation with bounded g, 9. The details of this calculation can be 
found in the proof of Theorem 3.5 in BHWIOII and will be omitted here. 

This finishes the proof of our main result, Theorem II. 5 1 □ 



3. The stochastic convolution 

In this section we provide the necessary bounds on the stochastic convolutions 
^j^jj ^e(a) ^.jj ^^^p^ ^ slightly more general framework than the one 
adopted in Section |2l Actually, we will fix an adapted vr, vrj-valued proces 
{0{t))t>o and consider the stochastic convolutions with the heat semigroup, i.e. 

^^(t) = f Se{t-s)e{s)HedW{s) and ^\t) = [ S{t-s) e{s) dW{s). 
Jo Jo 

As in Section |2l the Gaussian case 9 = 1 will play a special role and we wiU denote 
it by 

Xe{t) = [ Se{t- s)HedW{s) and X{t) = [ S{t-s)dW{s). 
Jo Jo 

It wiU be useful to consider the Fourier expansion of given by 

1 ft 



ikx 



(3.1) 



Here the Wk are C"-valued standard Brownian motions (i.e. real and imaginary 
part of every component ai^e independent real-valued Brownian motions so that 
E|ti;^(t)P = t), which are independent up to the constraint Wk = W-k that ensures 
that Xi; is real-valued. Furthermore we use the notation 

for / 



k ^ J |fc| y/A-Kf{ek) ^ (3 2) 

^ ^ forfc = 



and for A; / the Q are centred C"-valued Gaussian processes, independent up to 
= le^, SO that for s <t, 

¥.[ee{s)®i7\t)\ = Id, (3.3) 

where 

_ r e"/(^'=)'='l*-'^l - e"/(^'=)'='(*+'^) , A; / 0, 
'^'^ ^ \ sAt, k = 0. 

The series decomposition (13.11 ) can be used to define the iterated integral 

Xeit;x,y) = r {Xeit,z)-Xe{t,x)) (g)d,Xeit,z). (3.4) 

Jx 
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In fact, for fixed t, x, y this integral can simply be defined as the limit in L?'{Q) of 
the double series 



= Y.ee{t)®ii{t)e^^^qUih,l{y-^)^ 
k,l&Z 



(3.5) 



where 



. \pi{k+l)y _ 1 1 _ \pily _ il for k ^ —I 



The regularity properties of Xg are discussed in Lemma 13.31 Note however, that 
the regularity of is not sufficient to give a pathwise argument for the existence 
of (13.41 ). For the moment let us only point out that the iterated integrals Xg satisfy 
the consistency relation (IA.3I ). and that for the symmetric part X+ := ^ (X^ + X*) 
we have 

X+(t;x,y) = ^{X,{t,y) - Xeit,x)) (E) {Xeit,y) - X,{t,x)). (3.7) 

These relations can easily be checked by truncation. The regularity results given in 
Lemma [33] will then imply that for every t the pair (^^(t, •), Xe(t :•,•)) is indeed 
a geometric rough path in x in the sense of definition lA.il 

A crucial tool to derive the moment estimates for X^ will be the equivalence 
of moments for random variables in a given Wiener chaos. The decomposition 
(13.51) shows that X^ is in the second Wiener chaos. Therefore, the Nelson estimate 
implies that we can estimate all moments of X^ in terms of the second moments. 

Note that our definition of X^ coincides with the canonical rough path lift of a 
Gaussian process discussed in IIFVIOI Ch. 15] and also used in BHaillaifHWlOL 
We prefer to work with the Fourier decomposition as it gives a direct way to prove 
moment bounds and avoids the notion of 2-dimensional variation of the covariance, 
which seems a bit cumbersome in the present context. 

A key step in the construction of solutions to (11.11 ) in BHWIOH was to show that 
the process •) is controlled by X{t,-) as soon as 9 has a certain regularity. 
The derivative process is given as9{t,-). 

We will prove a similar statement for and derive bounds that are uniform in 
e. For a given 6 denote by the remainder in the rough path decomposition of 
with respect to X^, i.e. 

4{t,x,y) = {^',{t,y)-^l{t,x)) -e{t,x){X,{t,y)-Xe{t,x)) (3.8) 

and 

R'{t, X, y) = [¥{t, y) - ^\t, x)) - 9{t, x) {X{t, y) - X{t, x)) . (3.9) 
From the definition of ^'f and X^ we get 

Rl{t,x,y) = j" (pl^^{y-z)-pU{x-z)) (9{s,z)-9{t,x))H,dW{s,z) 

(3.10) 
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and similai^ly for . The bounds on the space time regularity of -Rf are provided 
in Lemma [X6l A key tool to derive these a priori bounds is provided by a higher- 
dimensional version of the Garsia-Rodemich-Rumsey Lemma that can be found in 
Lemma lB.3l 

For the bound on we will impose a regularity assumption on 9. For any 
stopping time r recall the definition of the parabolic a-Holder norm in (I1.15I ). 

Lemma 3.1. Let a G \). Let ai, 02 > andp > 2 satisfy 

Ai 1 A2 1 

ai < , a2 < — (3.11) 

4 p 1 p 

for some Ai, A2 > with Ai + A2 < 1. Then for any stopping time t <T 

m^^X-^ic^^) ^ nmi ■ (3.12) 

and 

E||*^ - ^'Wy^c-,) < e(^-^^-^^)°PE||0||P^. . (3.13) 

In our application of this lemma we shall need a small power of T appearing in 
the right-hand side. This additional factor can be easily obtained by observing that 

as ^f(O) = we have 

II II < T"- II II 

ll^ellc^i'^CC^a) ll^e|lc"i(C°^2)- 

Furthermore, we prefer to work with the space-time Holder norms introduced in 
(I1.15I ). instead of working in spaces of functions that are Holder in time taking 
values in a Holder space. To this end we observe that 

11*^11 /O < ll^'^ll /9 + ll^'^ll 

||^ell^o=/2,Q ^ ||^£|lc°/2(c) ^ ll^e|lc,(C")- 

In view of these remarks, the following result is an easy consequence of Lemma 

Corollary 3.2. Let a, d G ^). Suppose that p satisfies 

6 

p > 



I -2a 

Then for X = 1 — 2a — - and for any stopping time t <T we have 



p 



and 



mt-^'\\%2,^ < e^P'^ E\\d\\l^ . (3.15) 

Proof of Lemma \3J] Lemma IB31 applied to F = — will imply the desired 
bound (13.121 ) as soon as we have established the following inequalities 

El^-f (ti A r, x) - ^l{t2 A r,x)|^ < E\\e\\P^ {h - t2)S dUSi) 

E|^'^(t At,xi) -^'^(t Ar,X2)|^ <E||6'||^^ \xi - X2\^ , (l3J6b ) 

E|^^(t At,x)|^ <E||e||^^. (I3l6b ) 

Then (13.131 ) will follow as soon as we establish in addition that 

E\^'^^{tAT,x)-^^{tAT,x)\^<E\\9fc"e'''P (I3l6t l) 
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for any ol < a. We state (I3.16hl) and (I3.16bl) only for noting that ^'^ is included 
as the special case e = 0. In the calculations we will use the abbreviated notation 
t"^ = t A T. To see (I3.16hl ) we can write for ti > t2, 

H, ( - •) - - ■))e{s, •)) dW{s) 

+ £ H, - •) 0{s, ■) ) dW{s). 



Here we recall the definitions of the heat kernel in (12.91 ) and the smoothing 
operator in Assumption 1 1.41 

Using the Burkholder-Davis-Gundy inequality ( IIKS911 Theorem 3.28]) we get 



¥.Mtl,x)-^l{tl,x)\^ 



(3.17) 



< E 
+ E 







HJ{pt.^,{x - •) -pt._,ix - ■))9{s, .)]{y) 



ds dy 



ds dy 



Observing that due to the boundedness of h convolution with is uniformly 
bounded as an operator on we can bound the first expectation on the right-hand 
side of (13.171 ) by a constant times 



Ell 



J -IT 



{pti^ six -y) -Pt2~ six -y)Y dsdy 



(3.18) 



Using Parseval's identity the double integral in (13.18b can be bounded by 



E 



t2 



-2t 



'■f{ek){t2-s)^^ 



< Yl [k'fiek)ih-t2)Al 
fcez\{o} 

^ E (*l-*2)A^ 
fcez\{o} 



k^fiek) 



k^iek) 



< 



|fc|<(tl-t2)-l/2 



|fc|>(tl-i2)-l/2 



< itl-t2)-^- 



Here in the second inequality we have used that |ap < \a\ whenever \a\ < 1, and 
in the third inequality we used the assumption that / is bounded from below. 

The second integral on the right-hand side of (13.171) can be bounded in a similar 
way by 



E 



H,iptr_,{x--)d{s,-))iy)) dsdy 

t\ f'TT 



<m\i 



t2 J —n 



Pl^-si^-y) dsdz 
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To bound the integral we calculate 

/ / pI^_,{x -yf dsdy =^ j e 



2k^f{ek) (ti-s) 



k^f{ek) (ti - t2) A 1 

^ 1. PTp^ + ih-t2) 

<(ii-i2)i 

This finishes the proof of (I3.16bl) . 

Using the Burkholder-Davis-Gundy inequality and the uniform L^-boundedness 
of the convolution with in the same way as before, the derivation of (I3.16bl) can 
be reduced to showing that 

t r-^ 

2 



[pl-s{xi-y)-pUs{x2-y)) dyds < |xi-2;2|. 

J-TT 

To prove the latter bound, we estimate 

{pUsixi - z) -pI_,{x2 - z)fdyds 

k&\{0} ''^ 

< {k\xi-X2\M]' ^ 



J-TT 



k^f(ek) 

fcez\{o} ■' ^ ' 

k<\xi—X2\~^ k>\xi—X2\^^ 

This shows (I3.16bl) . 

The bound (13.161:1 ) follows immediataly, by using the Burkholder-Davis-Gundy 
inequality in the same way as above. 
In order to obtain (I3.16tll ) we write 

(3.19) 

He ({pt^-six -■)- Ptr-s{x - ■))e{s, ■)) (y) dWis, y) 
+ r r [\A-H,)[ptr^,(x,-)B(^s,-)){y)dW{s,y). 

Jo J-TT 

The first term on the right-hand side of (13.191 ) can be treated as before. Up to a 
constant its p-th moment is bounded by 

^ll^llc.(E r (e"^*-^)'^'^^^^-) - e-(*-^)'=')'(is)l (3.20) 
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To get a bound on (13.201) we write 

fc6Z\{0} 

< Y fe~^''''f'{lAsk'^\f{ek)-l\)'^ds. 

kez\{o} ° 

Recall that the constant cj is defined in Assumption ll.il Using Assumption ll.il 
on / once more, one can see that for \ek\ < 5 we have 

lAsk'^\f{ek)-l\ <lA\sk'^£k\. 

Hence, up to a constant the sum in (13.211 ) can then be bounded by 

Y fe-^^"'^'s^k\e^k')ds+ Yl f e-^'^'^'^ds <e. 

0<|fc|<fe-i ° 5e-i<|fcr° 

Finally, to treat the second term in (13.191 ) we need to impose a stronger regularity 
assumption on 6. We have the identity 

\e{s,-)pt-s{x - < \0{s,-) \pt^s{x - (3.22) 

which holds for every a' < a. In fact, to see (13.221) write 

|2 

dxi dx2 



^ r \ept.sixi)-ept-s{x2)\ 



\X1 - X2p°'+1 



< sup 1 61 (x)^ \pt-s\%c' + W\c'-\Pt-s\L^- 

X 

Then the Burkholder-Davis-Gundy inequality yields 

(3.23) 



E 







< E 



((Id -H') ptr^six - •) e{s, •)) (y) dWis, y) 

\pt^s\Hc\ld-H''f^^, ds 



sup \ti[s,-)\ 

56[0,T] 



Now for any a € (0, 1) 

fcez 

On the other hand 



l-h{e\k\) ^ ^a'^_ l-h{\r \) 
rm e"' + \r\ 



Id —H"^ IrTa' . r2 ~ sup — , , , , < sup — r , , / ^ - > 



due to the assumptions on h \\.4\ Due to the assumption a < ^ the right-hand side 
of (13.23b is thus integrable and we arrive at (l3.16Hb . This finishes the proof. □ 

As a next step we give bounds on the approximation of the Gaussian rough path 
(X,X). 
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Lemma 3.3. For any a G any e > and any t, the pair (^^(t, •), Xe(t; •)) 

is a geometric a-rough path in the sense of Definition \A.l\ 
Furthermore, let p G [1, oo) and let ai, 02 > satisfy 

ai < ^ , "2 < y (3.24) 
for some Ai, A2 > with Ai + A2 < 1. Then we have for any e > 

lE||^4c?i(c<^2) ^ 1' (3-25) 



and 



E||X,||;;.i(g2.2) ^ 1' (3-27) 
E||X, - < e5(i-Ai-A2)p . (3.28) 

We will need uniform in time estimates on Xg and we will not make use of the 
Holder in time regularity provided by Lemma [331 Therefore, we will actually use 
the following version of Lemma 13 .3 1 

Corollary 3.4. Let d G (|, ^). Suppose that A < 1 — 2a. Then for any p > 1 and 

T > Owe have 

nXer^,/2., <T^, (3.29) 
E||X,-X|r/,,, <e^. (3.30) 



Similarly, if and /3 G (i, 1) and A < we get 



E||X,||^, < T- , (3.31) 

E||X,-X||^^ < . (3.32) 

Proof of Lemma UTS] By the monotonicity of L^-norms, we may assume without 
loss of generality that (13.241 ) is replaced by (13.111) . The bounds (13.251 ) and (13.26b on 
are then included in Lemma ITT] as the special case of ^ = 1. The consistency 
relation (IA.3I ) and the symmetry condition were already observed above (see (13.71) 
and above). Thus it only remains to show (13.271 ) and (13.281) . 

To apply Lemma IB3] to the Xg we need to prove the following bounds: For 
every 7 < 1 we have 

E|X,(t;x,y)-Xe(s;x,y)|^< (3.33) 
E|X,(t;x,y)|^< Ix-ypf, (3.34) 
E|5X,(t)|j'^.^, <|x-yrP, (3.35) 

E\X,{t;x,y)-X{t;x,y)f < e^. (3.36) 

The bound (13.351 ) follows directly from the consistency relation (IA.3I ) as for all 

X <y 

E|5X,(t)|[^^^j =E|5X,(t) < \x-y\^E\X,{t)\f . (3.37) 



2 
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Due to Lemma [XT] we know that the expectation on the right-hand side of (13.371) is 
finite, which implies (I3.35I ). 

For the remaining bounds we will divide = X+ + X~ into its symmetric 
and antisymmetric parts and prove the bounds for the X^ separately. 

For X+ we get using (13.71) that 



X+(t;2;,y) = ^{X,{t,y) - X,{t,x)) ^ {X,{t,y) - X,{t,x)) 

and so (13.331) . (13.341) and (13.361 ) with Xg replaced by X+ follow directly from 
(ITT6a - (l3J6Hb . 

Let us treat the antisymmetric part X^ . Due to the equivalence of all moments 
in the second Wiener chaos (see e.g. MFVlOl Thm D.8] or IINua06ll ) it is sufficient 
to prove the bounds in the special case p = 2. To derive (13.341 ) we write 

Recall the definitions ([321) for the g|, for the ^^(t) and for the I^^i. Then 
we can write 

X {lk,iiy -x)- I-i-kiy - x)) - x) - Iij,{y - x)). 

For k ^ —I and k / —I we, get 

IE[tr (e,^ ® = (n'6k,-k\l + nh,Ak) [l - e~'''f(^>'> 



Furthermore, we have 



Ik,l{y-x) - I-i-k{y - x) = 2i(^j—sui{{k + l){y-x)) - sin (/ (?/ - x))^ 



.l + k 

The absolute value of the last expression can be bounded by 

\ik,i{y -x)- UMy -x)\ < (1^1 + 1) 



< 



k + i 



+ 1 ) A \kl\ \y - X 

1-7 



+ 1 



kl\\y-x\y, 



for every 7 G [0, 1]. Then we get 

E|X-(t;x,2/)|'<|x-y|^^ ^ 



1 



I 



k + l 



+ 1 
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k^-l&* ' ' 

The sums appearing in the last line are finite if 7 < \. This implies that (13.34b 
holds also for the antisymmetric part of Xg. 

To derive the bound (13.331 ) on the time regularity of X^ we write for t> s 

X-(t)-X-(s) =Y [im®ii{t)-i'e{s)®ii{s)]qU'e{h,l-I-k,-l)^ 
k^-l&T,* 

Using (1331) we get that for k^ -l,k^ -I 



E 
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^ {6k,.-k <5z,_r+ (1 A k'fiek) \t - s\) + (1 A l^fiel) \t - s\) 



< 



Therefore, similarly to the calculations for the space regularity we get 

|2 



E Xe( t;x,y) - {s;x,y)\ 



(3.38) 



[1 A fiek)k^\t - s|) + (1 A f{el) P\t - s\) 
' f{ek)k^f{el)P 



I 



k + l 



+ 1 



Expanding the products on the right-hand side of (13.381 ) the most interesting term 



IS 



E 



lh{f{el)f\t-s\) 
f{ek) k^ f{el) P 



I 



k + l 



< \t 



^27 



k^ll + kl"^' 



(3.39) 



The sum on the right-hand side of (13.391 ) converges for any 7 < ^. The other terms 

on the right-hand side of (13.381) can be bounded up to a constant by |t — s|2. So 
(13331) follows. 

Finally, to derive (13.361) using the formula (13. II ). we get similarly to (13.371) 

K\y.-{t;x,y)-X-{t;x,y)\' < ^ {6,^_-,6i^_j + 6,^_jSi^_-,) (3.40) 



P 



k^ 



i~k\\h:i 



I 



where 



< 



+ 



h{ek) e-'^'^/^*-")]! Ak\t- s){f{ek) -l)\ds 
h{ek) — l\ds 



< 1 



■(lAe2fc2). 

Then the bound (13.361 ) can be established as before. 



□ 



Finally, we give the necessary bounds on the remainder term R^. The derivation 
of the uniform bounds is more difficult than in the cases of ^'f or (X^, X^). Using 
a space-time regularity assumption on the process 9 and the representation (13.10b . 
in IIHWIOI Lemma 4.2 ] the regularity of the remainder term in the case e = is 
derived from the inequalities 

ft /-TT 



J -IT 



[pt-s{xi -y) -pt-s{x2-y)) \xi -y\ "dyds < \xi - X2 



\l+2a 



and 



{pt~s{xi - y) -pt^s{x2 - - sT dyds < \xi - X2 



l+2a 



(3.41) 



(3.42) 



To show these identities the heat kernel pt is rewritten as a linear combination of 
Gaussian heat kernels using the reflection principle. Then the Gaussian integrals 
are evaluated explicitly. 
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In our context two problems arise. First of all the reflection principle is not 
available for the approximated heat kernel pf. Parseval's identity that was used 
above is not well suited to calculate the spatial integral against |xi — yp". 

We derive similar identities to (13.411) and (13.42b in Lemma [331 The main step is 
to adapt a statement from IISte57l to the cunent context. These calculations can be 
found in Section |6l 

The second issue concerns the lack of time regularity of the process u near zero. 
Recall that in the application we have in mind we have 9 = 9{ue). We had seen in 
S ubsections 12 .21 and 12.31 that in general the process Ue need not be time continuous 
near 0. We only have the necessary "almost |" Holder regularity for times t > e^. 
Hence, we divide the term i?^ into a part for which we can use the regularity of 9 
and another part in which we use the regularisation of the heat semigroup to obtain 
the desired regularity. 

Lemma 3.5. The following identities hold 




{pUixi - y)-pf_^{x2 - y)) - dyds < |xi - X2|i+'" (3.43) 

{pLsi^l - y)-pU{x2 - y)f\t - Sl^'^dyds < \XI - X2|^+2a^ (3 44) 



Before we proceed to the proof of this result, we introduce the auxiliary func- 
tions 

ae,t{k) = exp ( - k^fiek) - c/) t) , (3.45) 

together with the corresponding Fourier multipliers Ae{t). In the special case e = 
0, we will simply write A{t) := S[{1 — Cf)t). The reason for this notation is that 
we will frequently make use of the factorisation 

Se{t) = Ae{t) S{cft) . 

As a simple corollary of Assumption II. 21 it then follows that 

sup ||ae,f||Bv < oo . (3.46) 

£,t>0 

This is because ai;^t{k) = 64/^2 (e/c), and the BV-norm is invariant under re- 
pai-ametrisations. With these notations at hand, we now proceed to the proof of 
Lemma [331 

Proof of Lemma [531 In order to obtain (13.431 ) we write for fixed s 

- y)Y\xi - ?/|^" dy 

s){xi - ■) - Pcf{t-s){x2 - •)](?/)] \xi - y\'^°'dy. 
Combining (13.461 ) with Lemma |6^ we see that 

Ae{t-S){x) <^. 



{pUsi^i -y)-pls{x2 
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Here, we identify the operator A!r{t — s) with its convolution kernel. Since we have 
ae^t-s{k) < 1 the operator A^{t — s) is a contraction on L^[— vr, vr]. So, Lemma 
16. II implies that 

{Aeit - s)[Pc^.(t_3)(xi - ■) - Pcf(t-s){x2 - ■)\{y)) \xi - y\^°' dy 



< 



{Pcf{t-s){xi - y) - Pcf{t-s){x2 -y)) \xi-y\ "dy. 




Note that the constant which is hidden in the < does not depend on t. Then (13.43b 
follows from (13.411) . In fact, introducing an extra viscosity c/ only changes the 
constant in (13.411 ). Using again that ^^(t — s) is a contraction on L^[— 7r,7r] the 
bound (13.441 ) follows directly from (13.421 ). □ 

Now we are able to prove bounds on the R^. In order to deal with the lack of 
temporal regularity of 6 for small times we divide into two parts. We write for 
e > and for any s G [0, T] 

Rl{t- X, y) = Rl+^,{t; X, y) + i?f__^(i; x, y). 

Here 

Rl+^,{t-x,y) 

= 5[^l{t)-SS-s)^l{s)){x,y) 

- eit, x) [XS) - Se{t - s)X,{s)) (x, y) ^^-^^^ 

(pl-Ay -A- V\-M - a) (^(^, A - Oit, x)) He dW{r, z), 
and 

Rl^^^it) = 5(Se{t - s)¥,{s)) {x, y) - eit, x) [Se{t - s)X,{s)) (x, y). (3.48) 

We assume that we control the space-time regularity of ^ for t > s. Then we can 
obtain a regularity result for /?^4. ^(t; x, y) using Lemma [3751 To this end, recalling 
the definition of the pai^abolic Holder norms || • |Lc./2,c« and || • |Lq/2,c« in (11.141) and 

(I1.15I ). for K > we introduce the stopping time 

Q^K = inf |t > 0: \\X\\^^/2,c, > K or \\Xs - Xo\\^^/2,c. > l}. (3.49) 

Observe (recaUing the definitions (I2.20til) and (I2.22iil) ) that g^j^ >crK^Q^ almost 
surely. 

Lemma 3.6. Suppose a S (|, |)- Then let ai, 02 > andp > 1 satisfy 

aXi 1 (l + 2a)A2 1 

ai < — , 02 < 

2 p 2 p 

for some Ai, A2 > with Ai + A2 < 1. Then for any s £ [0, T] and any stopping 
time T that almost surely satisfies 

s<T < A T (3.50) 

we get the following bounds: 
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'^\\^s+,e ^s+\\c'^i([s,t],B'^2) -I- -n. ; Jl^||C||^„/2,c« 



As before, we give the version of Lemma 13.61 that we will actually use in a 
Corollary. Recall the definition of the norm || • ||g25 given in (11.181 ). 

[s.t] 

Corollary 3.7. Suppose that a G (ji ^) '^^d a G (|, ). Furthermore, assume 
that 

2 + 6a 

P > 



a{l + 2a- 4a) 
Then for 

4d 1 2 + 6a 



A < 1 



l + 2a pa(l + 2a) 
for s G [0, T], and any stopping time r that satisfies f li.50D we get 

nRUJs.. <r^E||er„/,,„, (3.51) 



IP 



e25 ^l|P|L./2,.- (3.52) 



[S.T\ 



Proof of Lemma 1X6] To shorten the notation we always write = t A t. The 
statement follows from Lemma IB. 31 as soon as we have established that for all 
xi,X2 G [— 7r,7r|, all s < t and for s < ti < t2 < T we have the following 
bounds. 

E\Rl+^^{tl;xi,X2) - Rl+^M-^xi,X2)\'' 

<(l + /OE||0|r/,,.(t2-ii)^, (I333h) 

E|5i?f+_^(tOI[x„x2]r ^ K^nOfc^^^^^ Irri -X2|("+^)^ (l333t) 

We start by deriving (I3.53hl) . Using BDG-equality we see that 

E|M^+^^(r;rEi,X2)|^ 



<m\%^,^^ ( f r {pU{xi-y)-pU{x2-y)f 

J S J — TT 

X {\t - rl" + \y - xil^") dy dr 



<iEii^ii;:./2.jxi-x2 



l+2a 



Here in the last line we have used Lemma [331 

In the derivation of the remaining bounds we use the notation 

X,{t) = Xeit) - Se{t - s)Xeis) and $f(t) = (M/,^(t)-5,(t-s)^f(s)). 
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To see (I3.53bl) write using the definition (13.471 ) of ^ 

< sup E|§f(t[,x)-$f(t5,x)|^ 

x6[— 7r,7rl 



+ sup E 

x,y^[—7v,7r] 

+ sup E 

7r,7r] 

ap 



\9{tl,x)-9{tl,x)\''\X,{tl,y)\'' 
\e{tl,x)f\X,{tl,y) - X,{tl,y)\'' 

< {t2 - ti)^ (E ll^ll^^^^^^^ + K^E + K^E\\er,^^^^^J. 

Here we iiave strongly used tiie a priori bound on the regularity of provided 
by the the stopping time g^j^ as well as the fact that according to Lemma [63] the 
approximated heat semigroup is bounded from C" — )• C^. The bound (I3.53bl) can 
be derived in a similar way. Actually, using the definition of ^ (13.471 ) we get 
that 



6R^+^^{t;zi,Z2,Z3 
Thus we get that 

To obtain (13.53111 ) we write 



{Bit, Zi) - eit, Z2)) {Mt, Z2) - Mt, Zs)) . 



\x -y 



("+i)p^P]E|m||P 



E\R'Jt^,x,y)-RUt\x,y)\''< sup E\^f',{t\x) - ^'{t\x) 



+ sup E 

x,yG[— 7r,7r] 



7r,7r] 

\eit\x)nMt^,y)-X{e,y)\ 



So that (13.53111 ) follows from (I3.16HI ) and the definition of the stopping time (13.49b . 
This finishes the proof of (13.531) . 

□ 

If we do not control the temporal regularity of the 9 we need to use the regular- 
ising property of the heat semigroup to get the desired 2a regularity. The price we 
have to pay is a blowup for at 1 1 s. 

Lemma 3.8. Suppose that a < a G (|) ^) ^f^d /3 = a + Kfor a small constant 
K > 0. Furthermore, fix an s G [0,r]. Then we get for any stopping time that 
satisfies dj.5QD and any p > 



E lr: 



-2a 

MP < 7-ia-Q+K/2 TIT. II fliip 



Proof According to (13.481 ) we have 

= S[SS - S)^i{s)) - e{t, .){Se{t - S)X,{S)) 

the result follows immediately from the regularising property of the approximated 
heat semigroup (Lemma 16.41 ) as well as the regularity properties of , X^ from 
Corollaries [321 and [H □ 
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4. The reaction term 

In this section we derive bounds for the convergence of the reaction term. 

4. 1 . The Gaussian process and stochastic fluctuations. As before, we consider 
the solution to the approximate stochastic heat equation 



(4.1) 



together with its area process X'^(t; x, y), where we use the notation from Section 
[21 We recall in particular that 



where 



s,t 



sAt, k = 0. 



Recall also that 



A 



1 

2^ 



[I - cos{yt))h^t) 



The goal of this section is to prove the following result, which which yields a sharp 
bound, uniform in time, on the difference 

Deceit,-)- Aid 

measured in the spatial negative Sobolev norm lul/f-a for a < ^. For this purpose 
we introduce for fixed 2 G M the quantity 



fcez 



(4.2) 



as well as the integrated version 



Proposition 4.1. Let 1 < p < 00 and < a < i. For all k > sufficiently small, 



we have 



E 



sup 

tG[0,T] 



Z),X,(t,-)-A,(t)Id 



sup t2\Ae{t)-A\ < e"^^ . 

tG[0,T] 



(4.3) 
(4.4) 



Remark 4.2. The term Ae(t) — A appears due to the fact that that the process 
starts at 0. If we had considered the stationary version of the process as in 
HHMIOII . then it would not have been necessary to estimate this term. 



Proof of Proposition 14. 1 1 It follows from Lemma 143] and Lemma|44]below that 



E 



sup 

ie[o,T] 



< 



/ E 


sup 




-t£[0,T] 



D,X,{t,-)-Mt)ld 
1 



X,(t;-,- + ez) -A,,,(t)Id 



H- 
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which proves (I4.3I ). 

In order to prove (14.41 ) we claim that for any t G [0, T] and k > 0, 

|A,,,(t) - A,| < |z|2(e°-t-f +e) . (4.5) 

Integrating this inequality with respect to z and using the fact that the second mo- 
ment of is finite, we obtain the desired estimate. 

It remains to prove the claim (14.51 ). For this purpose we consider the quantity 



and estimate for A € [0, 1] and -p = \ — \ — k, 

|A,,,(t) - A,,,| 



/ fc\2 |jr<.t 11-2 
fcez 



(4.6) 



~ p Z-,' 1.2 l.2pfp \ ' ^ II 



Furthermore, as in IIHMIOI Proposition 4.6] we use the fact that for any function 
5 : R — )• M of bounded variation, 



\^egiek) - j g{t)dt 



< £\9\by , 



Using this fact together with the assumptions on h and /, we obtain 



s ^ 



h^s) sin2(f ) 



f{s) 



BV 



< 



/ 

<e\z\' 



S 



sin2(f ) 









sin2(f ) 

S ^ 


+ 






BV 


f 


BV 





(4.7) 



Combining the estimates (14.6b (with A = ^ (1 + a — k)) and (14.71) . the claim follows 
and the proof is complete. □ 

For a matrix A, it will be convenient to work with the decomposition A = 
A'^ + A~, where 



The following two lemmas are the main ingredients in the proof of (14.31) . 
Lemma 4.3. Let I < p < oo and < a < ^. For all k > and z E M we have 



E 



sup 

i>0 



-Xj(t;-,- + ez)' 



(4.8) 
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The proof of this result is a rather delicate computation, in which logarithmic 
divergences appear if one is not careful. In particular, in the calculation below it is 
important to restrict the sum to non-diagonal terms. 

Proof. Note that 



where 



k,l& 



ikW _ ^ikX.ilW 



le 



I 



k + l 



the latter expression being valid whenever /, A; + Z 7^ 0. As a consequence, we have 
the identity 



-X, (t; x,x + ez)=Y, qsQU^M^kit) ^i{t)e 



i{k+l)x 



where 



J, 



z,kl ■— 2^^'^^''^' 



.Ik) 



— I / 1 — ^iik+l)ez ^ikez _ ^ilez 
+ 



2e 



k + l 



k-l 



and the latter formula holds if \k\ / |/|. Writing Cfc'j(t) := for brevity 

we obtain 



1 



E\-[X~{t;-,- +ez) -Xj{s;-,- + ez) 



H- 



5^ (1 + m^r^UT-'iC-'jI^k^m-kJl.^m-l 
k,l,m&Z 



X E 



(Cfc',m-fc(*) Cfc',m-fc(^)) \ C-l-{m-l) 



(^) 



Note that we sum over i / j, since the diagonal terms are 0. For i / j, we use the 
fact that 



to obtain, for k G [0, 



E 



-l-{rn-l) 



it) - c 



-l-{rn-l) 



m— fc k m—k ' k in—k 

f{sk)k^\t-s\l _^ h _ ^-f{e{7n-k)){m-kf\t-s\ 



<Sk,i{\l-e 
Furthermore, we observe that 



z,kl I 



((A; - l)z{S{{k + l)ez) - S{{k - , 
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where S{x) = sm{x/2)/x. Using the assumption that h is bounded, we obtain for 
1 , 1 



< 



^f{ek)f{el)\kl\ ^ ^f{ek)f{el)\{k + lY-{k-lf 
Since J^^i = if A; = or Z = 0, and moreover / > cj, it follows that 



E - (t; •, • + ez) - (s; •, • + ez] 



|2 



i.m— fcl 



X (^f{£kY\k\'^^ + /(e(m - k)f\m - k\'^'^^\t - s\'' 



k,iez 



Kit-snzi'^ii + ik + ify^^ik 

k,l^Q 

X f|ik + /|2'^ + |A:-/|2'^^ 



S{{k + l)ez) - S{{k-l)ez) 



{k + lf-{k-lf 



|fc|^|/| 



5(A:ez) - S{lez) 



fc2 -/2 

where we used the change of variables {k + l,k — I) {k, I). We infer that 



E 



^ (^e • + e^;) - X^ (s; •, • + ez] 



X S{xz) — S{yz) 

yd rj.2 _ y2 



2 

{x^ + y^Y dx dy 

2 



_ ^2a-2K|^ 



Taking into account that a < | and using the estimate 

\S{x)-S{y)\ 1 



19 91 ~ 



x2 + 2/2 



we infer that 
1 



E 



Xj (t; •, ■ + ez) - X^ (s; •, • + ez) 



H- 



< g2a-2K|^|2+2a— 2re (4 9) 



Since X^ (0) = 0, the result follows from Lemma IB41 Note that (IB.20I ) is satisfied 
since X~(t,-) belongs to the i7~°-valued second order Wiener chaos, see e.g., 
IINua06l . □ 



The next result provides the corresponding estimate for the symmetric part of 
Lemma 4.4. Let 1 < p < oo and < a < i. For any z G R and k > Owe have 



E 



sup 

t>0 



-X+(t;-,- + ez) -A,,,(t) Id 



p 



(4.10) 
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Proof. As in the proof of Lemma 1431 we write 



where 

J^i^i ■= -{II zM + kl, 
and /^^fc; is as in the proof of Lemma 1431 Note that 

Writing 

for brevity, we estimate 

e| X, X + ez) - Kz,e{t)I^ - (^^X+(s; x,x + ez) - A^,£(s)/ 



: ^ (l+m' 



J 

z,k,m—k z,l,m—l 



X E 



tr 



(^[Ck,m-k{t) — Ck,m-k{s)] [Cl,m-l{t) — Cl,m-lis)] 



A case distinction argument yields 



E 



tr ([Cfc,m-fc(i) - Ck,m-k{s)] [Cl,m-l{t) - Cl,m-l{s)]*^ 



and using the definition of /C we infer that 

l^k l^m-k - ^l^k l^yn-k + l^k l^r. 



< 



< 



m-k + '^k '^m-k 
l_ f,-fiek)k^\t-s\ ^_ ^^f(e{m-kmm.-kf\t^s\ 

fiekM^" + f{e{m - k))\m - fcp'^) \t - 



for K S [0, |). Using the estimate \qk\ < . ^ — for k 0, together with the 

y .f[^k)\k\ 

bound 



I . |2 ^ 1 — cos{kez) 1 — cos(/ez) 



we obtain 

e| (-X+(t; X, X + ez) - A^,e(t)/) - (-X+(s; x, x + ez) - Az,e{s)I 

fc,{m-fc)^0 



< 



2 
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< \^ f^ < fi. : ,^2^ -a 1 - cosjkez) 1 - cos(/£z) 

X ^f(ekr\k\^- + f{dr\l\^^)\t-s\^ 

cos{k£z) 1 — COI 
'We Pi 



< 1 I - cosjkez) 1 - cosjlez) / 2k |,|2>. 



< 1+ _ e|Kc-2"~2ft| ^|2+2Q-2ft 



As in Lemma 1431 the result now follows from Lemma IB41 □ 

4.2. Bounds for the reaction term. With Proposition 14.11 at hand we will now 
derive the estimates for the reaction terms defined in Section [2] 

Let e G (0, 1). We fix a Holder exponent < 5 < a < ^ and fix functions 

if G C([0,r];C°) and ip, = ip + vP + with vi'^^ G C([0,T];C°) and 
G C([0, T];H~"). We shall use the notation ||n||^-c, to denote the temporal 
supremum of the negative spatial Sobolev norm, i.e. 

Il^ll//-" = sup \u{s)\fj-a . 

' se[o,t] 

Furthermore, we consider functions u, v, u^, G L°°([0, T]; C"). The reaction 
term naturally splits into two parts: 

= [ S{t-s)F{uis))ds , T{t)= [ S{t- s)T{u{s),v{s))ds , 



where 

r{u,v)=dkGiiu)v^ip''"'vi 
Similarly, for e > we define 



(t - s)Te{Us{s),Veis)) ds , 



Mt)= f Se{t-s)F{Ue{s))ds, Te{t)= f S, 

Jo Jo 
where 

Tliu,v)=dkG)iu)vf^^r<- 

In order to deal with blowup at we shall consider the weighted norms |K||cf^ 
defined in (11.16b . Throughout the remainder of this section we assume that the 
norms 

W^Wc^ , \\u\\c:^ , \\v\\c^ , \\Ue\\c^ > Ikellc^ > 

are bounded by a constant K > 0, which does not depend on e. 
Remark 4.5. In our application, u and will be as in the previous sections, and 
V = U , Ve = , if = Aid , 
= [kS) - A) Id , Pp) ^ •) - KS) Id . 

We shall first prove a bound on the difference between $ and ^>£. 
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Proposition 4.6. Let a < 7 < 1. Then, for any t G [0, T] and k > Qwe have 



\u — UeWca + e 



1-K 



with implied constant depending on K. 
Proof. Using Lemma [63] we obtain 

\m-^e{t)\c. 



< 



Sit-s){Fiu)-F{ue)){s)ds 



+ 


I 


Ci 





{S-Se){t-s)Fius){s)ds 



Ue)\\C? 



U — Uj 



■ellCf 



+ e 



l-K^l-i(7-a+l) 



which proves the first bound. 

To prove the second inequality, we write 

((5 - Ss){t - r) - (5 - Ss)is - r))F(ne(r)) dr 
+ [\s -Se){t-r)F{ue{r))dr 

J s 

+ [ {S{t - r) - S{s - r)) {F{u{r)) - F{ue{r))) dr 



+ / S{t-r){F{u{r))-F{ue{r))dr 

J s 

--: h + h + h + h. 



We shall estimate the first term in two ways. First, using (16.181 ) and the fact that 

\{S-Se){t-s)\c^^C<l, 



\h\c< 



((5 - Se){t - r) - (5 - Se)is - r))F(n,(r)) dr 



< / \{S - Se){s - r)\c^^c\F{u,{r))\c^ dr 
Jo 

\s-r)--2'^^-^^\\ue\\crdr<e'-^u,\\c^ 



(4.11) 



On the other hand, we have the bound 

l^ilc < {\S{t - s) - Id \c2-2.^c\^{s - r)\c<.^c2-2. (4.12) 
+ \Se{t - s) - Id |c2-2«^cl'^=(^ ~ r)|ca^c2-2-) \F{ue{r))\c'^ dr 

< f\t - sf~^{s - rr'2i^-^~''^\F{ue{r))\c^ dr < {t - sf-^\\u,\\c^ . 
Jo 



(4.13) 



< 
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Combining both estimates we infer that for 7 G [0, 1], 

\h\c<e^-^-''{t-s)^\\u,\\c^ 

Using (16.181 ) once more, the term I2 is bounded by 

|/2|c< r '\{S-Se){r)\cc,^c\\F{u,)\\c^dr 

.t^s (4.14) 

To bound I3 we proceed as in (14.111 ) to infer that 

\h\c < r {S{t - r) - S{s - r)) (F(n(r)) - F(n,(r))) dr 
Jo 

- sy~^{s - r)-^(2-5-2^)||i7(u) _ F{Ue)\\cS dr 

< {t - s)^~'^\\u - ne||^5 < {t - s)2t^~2 \\u - UeWf^s ■ 

The next term can be bounded brutally by 

\h\c < \t - S\\\F{U) - F{Ue)\\co. < \t - s\\\u - U.Wcf 
< {t - s)2t^-2-'^\\u - UeWcS . 

Combining all of these estimates, we obtain the desired bound. □ 

The following result gives a bound on the difference between T and Tg. 
Proposition 4.7. Let 5 < 7 < 1. Then, for any t G [0, T] and k > Qwe have 

\TS)-^{t)\c^ <e'~^ + t'-hv^Mc- II . 

+ t'-'^^^-''^'\\\u-Ue\\c. + \\v-V,\\c.), 

+ (r^-5("+7)-« +ei-l-''T")||pW||^-. 

+ r^a— 7)||p(2)||^__ 

with implied constant depending on K. 
Proof. We rewrite the difference Tg — T as 

T,(t) - T{t) = f SS - S) [F,{U,, Ve) - HUe.Ve)) (s) ds 

Jo 

+ / Se{t - s)[F{u,v) - F{ue,V£)){s)ds 
Jo 

t 



+ / {S - Se){t- s)F{u,v){s)ds 
Jo 

--: h+h + h. 
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Using Lemma |4?8] we obtain 



1-^1 < 



y* Se{t - S) (^DG{Ue)VeVPv,^ (s) ds 



+ 



pl_,{- - y){DG{ue)vMpVe){s,y)dyds 



< W 



'0 J -It 

lies 



(t-s) 



■1(7-") 



S 2\v^DG{Ue)Ve{s)\c'^ ds 



+ \VeDG{Ue)Ve{s)\c<^\pl_Jyj ds . 

Since \Ps\c^ < by Lemma |49l and 

\VeDG{Ue)v,is)\cc. < 1 

by assumption, we obtain 
Furthermore, 



Ue,Ve)\\co 



< ^1-1(7-5) 



U — UeW^s + ||f — 



and Lemma 1631 yields 



< ^l-K^l-i(7-a+l) ^ 



Combining these bounds, we obtain the first estimate. 

In order to prove the second estimate, wefixO<s<t<T and write 

(T,-T)(t)-(T,-T)(s) =:^5;j.i, 

i=i j=i 

where 

Ju= / {Se{t - r) - Ss{s - r)){T{u,v) - J='{us,Vs)){r)dr , 
Jo 

Ji2 = r {Se{t -r)-Ss{s- r)) - J-,) z;,)(r) dr , 
Jo 

Ji3 = f [{S - Se){t -r)-{S- Se){s - r))T{u,v){r) dr , 



and 



J' 



21 



Ssit - r) [F{u, v) - F{us,Ve)) (r) dr , 
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^22 = ^ Se{t - r){F - Fe){Ue,Ve){r)dr , 



J23= / {S- Se)it-r)F{u,v){r)dr . 

J s 

Using the argument from (14.121 ) we obtain 

l-Ziilc <\t- s\'~''\\F{u,v)-T{u„v,)\U 



< 



\t-s 



l-K 



U — tiell^S + \\v — V, 



< t-*- 2 ^^\t - s\^^ {\\u - UeW^s + \\v - VeWf^s) . 



Furthermore, 



I^12|C < 



r {Ssit - r) - Ss{s - r)){veDG{ue)VeV^^^){r 
Jo 



dr 



+ 



{vU-vU){--y)[veDG{ue)veVf)){r,y)dy 



-• -'12 ^ "^12 



Arguing again as in (14.121) we obtain 

Using Lemma 148] and Lemma 149] we obtain 

Jo 

X |pf (r)|^_|(7;eI)G(n,)^;,)(r)|^„ dr 

PS 

io 

< ['{t - s)i{s - r)-5{i+"+T)+'^||p(2)||^_. dr 
Jo * 



Arguing as in (14.131 ) we obtain 

\Ji3\co<e'-'^-''{t-sy2-^mu,v)\\c^ 



< 



£^-i-^(t-s)i , 



Moreover, 



|^2l|c < \t-s\\\T{u,v) - J='{Us,Ve)\\c5 

<\t-s\ (\\u - UsW^S + \\v - VsWqS^ 



<t^ 2\t - s\2 {\\U - Ui;\\rS + \\V - Ve 



Furthermore, 



l«^22|c ^ 



Seit-r)(^DG{ue)veVPve){r,y) 



dr 
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+ 



{■-y)(DG{ue)veVPv,){r,y)dy 



dr 



-• "^22 ' "^22 



The first term can easily be estimated by 



I r~^\\1^P\\c:.dr<{t-s)'"^"^\\VP\\c^^ 



<(t_,)^ti-f-^-||p(i)|| 



c° 



Lemma 132] and Lemma I49] yield 

J s 

< j\t - r)^^(^+")||Pf dr<{t- 

Finally, by the argument in (14.141) . 

Putting everything together, we obtain the desired bound. 

The following lemma has been used in the proof above. 
Lemma 4.8. Let < a, 7 < 1. Forp G C^^^ , tp G C", and ip G we have 



□ 



< 



+ \p\cr\p\c^^.\v\c) . 



Proof. First we fix x G [— vr, vr] to obtain 



p{x - y)(p{y)ij{y) dy 
Next we fix x, y G [— tt, tt], and set 



< \p{x- ■)ip{-)\^^\'llj\j^_ 



p{x — z) — p{y — z) 



It follows that 



p{x - z) -p{y - z) 



\x - y\' 



{p{z)ip{z) dz 



< \fx,y^\cc\i^\H- 



\x - y|T 
Since \ fx,y\c < \pU, and 

\fx,y\c°' < \fx,y\c "\fx,y\ci < |p|c7 " |plcl+7 ' 

we infer that 

p{x - z)-p{y- z) 

^-^^ ^{z)^{z)dz 

iWk'- + \p\l~^'^\p\ci+^v\c) 1^1^- 



< 
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Taking the supremum over x (resp. x, y), we obtain the desired estimate. □ 

We shall apply this result to the approximating heat kernel p = pf. The follow- 
ing lemma contains the relevant estimates. 

Lemma 4.9. Let a > and 8 G [0, 1]. For all < s < t < T, e £ (0, 1], and 
KG (0,^) we have 

Proof. Since pf (x) = J2k e~f^^^^^'^^e^^^, we obtain for n = 0, 1, . . ., 

fcez kez 
Similarly, setting p = ^{n + 1) + 6 — k and using that / > 2cj, we obtain 

fcez 
kez 

fcez 

The result for a > follows now by interpolation. □ 

5. Rough path estimates 

In this section we treat the stability of approximations of the term involving 
G{u) dxU. Throughout the calculations we will make heavy use of the rough path 
bounds provided in Appendix lAl We will fix deterministic data (u, u^X, etc.) and 
derive bounds based on the regularity of these data. There will be no randomness 
involved. 

We fix Holder exponents a < a G (1/3, 1/2). We will often use a number k > 
0. This value need not coincide with the value of k fixed in Section |2] We also fix 
rough path valued mappings {X{t), X(t)) and {Xs{t), Xe(i)). To be more precise, 
we will assume that the mappings [0, T] 9 t i-^ X G and [0, T] 9 t H> X G 
B'^°' are continuous and that for every t the functions x i— )■ X{t, x) and (x, y) i— )• 
X(i; X, y) satisfy the consistency relation (IA.3I ). The functions Xe(t)) will 

be assumed to satisfy the same conditions. 

We will also fix functions u, G C^. We assume that for every t the function u 
is controlled by X. More precisely, we will assume that for every t G [0, T] there 
are u'{t) and 

t ^ u{t) G C° u'{t) G C° R^e B'^" 

are continuous and that for every t the maps 

X ^ u{t,x),X{t,x) and (x, y) i— > x, y), X(f, x, y) (5.1) 
satisfy the relation (IA.4I) . 
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In the same way we will assume that the Ue aie, controlled by for t > e^. We 
will assume that for t G (e^ , T] there are functions u'^ and Ru^ that are continuous 
in time so that for every t the u^^u'^, Ru^ , satisfy the relation (IA.4I ). 

Throughout this section we will make the standing assumption that the norms 

ll^llcf;, ll^ellcf;, ||X||g2a, ||X£||g2«, \\u\\c^, \\us\\c^, \\u'\\c^, \\u'J\c^^^^^ 
are bounded by a large constant K. We will also assume that for s > 

\Ru{s)\2a<Ks-2, \Ru{s)\2a<Ks-^, (5-2) 

and for s > 

\RuM\2a<K{s-e'')-i, \RuAs)\2a<K{s-e^)-^ (5-3) 

for some /3 < /3 e (0, \). 

Most of the constants that appear in this section (or that are suppressed when we 
write <) depend on the choice of this constant K. 

The main objective of this section is to study the behaviour of the following term 
for small e: 



Eiit, •) = r Se{t - S) \G{Us{s))i D,Ue{sy 
Jo L 



ds 

t ^ (5.4) 

+ jj^ pUsi- - y) dkG{u,{s, y))] y)f I),X,(s; vY'^^u'^is, y)l dy ds . 

Here, as above, we have used the notation 



Ds^e{s;y) = - / ^s{s;y,y + £z) fi{dz) 



Note that in (15.41) we have included indices to capture the trilinear structure in 
the second term on the right-hand side. The linear algebra does not play a crucial 
role for our argument, and for simplicity we will omit the indices for most of the 
argument. 

Denote by x) the function 

E{t,x) = / + pt-s{x - y)G{u{s,y)) dyu{s,y) ds. (5.5) 

Jo ^J~n J 

Throughout this section we will make the additional assumption that the func- 
tion G is bounded with bounded derivatives up to order three. This assumption is 
removed in Section |2] using an appropriate stopping time. 

As explained in Section [2l we have included the extra term 

pUi- - y) dkG{ue{s, y))\ u',{s, y)1 D,^,{yf'^<{s, y)i,, dy ds 



on the right-hand side of (15.41 ) to ensure that the approximates H. As discussed 
in Sections |2] and |4j this term gives rise to the extra term in the limit. 
The main goal of this section is to establish the following bounds. 

Proposition 5.1. For every 7 G (0, 1) and for any k, > small enough and 7 G 
(7, 1) we have for any t £ [0, T] 

l + a — 7— 8~K, 

\E{t) - Ee{t)\c. < Ve t -2 ^^ ^^ 

_^|^|3q-1 ^1- '"+^'^+" _^ |g|(l+a-/3-7-K)Al _^ ^{^-'Y-K)^l-^+a-l3 _ 
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For any 7 < ^ we get 



7 < V^T 

C^([e2,T],C) ~ ^ 



Here we use T)^ as abbreviation for 



i+a-/3-7- 



+ e 



3a- 1 



+ e 



(2-2a-^-7)Al 



• (5.7) 



X — JT^II^a + ||X — X£||^2a + \\u — Uell^a + \\u' 



,T],/3 

The constant which is suppressed in the notation depends on T and K. 

In the proof of Proposition 15.11 we will need to understand the behaviour of 
rescaled rough integrals under approximations. This is the content of the following 
lemma. It is a modification of the scaling lemma IIHW10I Lemma 5.1], which is 
also cited in the appendix as Lemma IA31 

Lemma 5.2. Let (X, X) be an a-rough path and let Y, Z be controlled by X. 
Furthermore, assume that f : R — t- M a function for which 

\f\i,i = Yl 1/(^)1 + 

is finite. For a fixed step width e > we set = sk and Ni; = [^J. For any 
\ > Owe consider the approximating rough integrals 



^ /(Axfc) Y{xk) (^Z{xk+i) - Z{xk) 

+ f{Xxk)Y'{xk) X(xfc, Xfe+i) Z'{xk) 



(5.8) 



and 



t\,£ 



E 

k=-m 



f{\xk+i) Y{xk+i) ( Z{xk) - Z{xk+i) 



(5.9) 



+ f{\xk+i)Y'{xk+i)^{xk+i,Xk) Z'{xk+i) , 
Then, as long as eX < 1, we have the bound 

fiXx)Y{x)dZix)Tlt <63"-iA2-Vli,iA(X,y,Z), (5.10) 



/71 



where 



AiX,Y,Z) :=\Y\o\Z\^ + \RY\2a\Z\a + \XUY'\c\Rz\2a 

+ |X|2af|l^'|o|^'|c- + \Y'\co^\Z'\o) + \X\l\Y'\c\Z\a. 



Remark 5.3. The trilinear expression Y'X.Z' in (15.81 ) and ( 15.91 ) should be inter- 
preted as above in (15.41 ). We omit the indices to keep the notation short. 

Remark 5.4. The term \f\i^2aA{X, Y, Z) arises when evaluating the expressions on 
the right-hand side of (IA.6I ) and (IA.7I) for the rough paths fY and Z. We will use 
the fact that there is no term in A{X, Y, Z) that includes the product | Ry \ 2a \ Rz \ 2a ■ 
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This will be important for our application, as for the rough paths that we work with 
the remainder will not be bounded uniformly in time but only by s 2 . 

Proof. Let us start by treating the approximation One can decompose the 
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expression on the left-hand side of (15.101 ) to obtain 

f{Xx)Y{x)dZ{x)-ll''\ < \l^-ll:''\ + \E\. (5.11) 

k=-N^ 

Here 

rvk+i 

= j fiy)Y,{y)dZ^{y) 

is a rescaled version of the rough integral. We have used the following notation. 
We set yk = Xxk = Xsk and the paths X\, Y\, Z\ are rescaled versions of X, y, Z. 
In paiticular, note that Y\{y) = Y{y/\) is a controlled rough path with respect to 
{Xx{y),^\{y,y)) = {X{y/X),X{y/X,y/X)) with derivative process given by 
Yl{y) = Y'{y/X), and similarly for Zx- 

The integral approximation term on the right-hand side of (15.111 ) is defined by 

^fc'^ = f{yk)Yx{yk) {Zxivk+i) - Zx{yk)) 

+ fiVk) YxiVk) ^xiVk, Vk+i) z'xiyk) 

and the error term is given by 

rXn r — \eN= 

E= i f{z)Yx{z)dZx{z)+ j- fiz)Yx{z)dZx{z). (5.12) 

Using (1A.6I ) and (IA.7I ). this expression can directly be bounded 

\E\ < (eA)"A-"|/|i,iA(X,y,Z). 
Due to the assumption that Ae < 1 and a < | we have 

(eA)" < (eA)3"-i, 

which gives the right scaling. 

For the other terms on the right-hand side of (15.111 ) we get 

\l^-lh< sup + 

xe[Xke,X{k+l)e] (5.13) 

(eA)3"A~"A(X,y,Z). 
Now we sum this bound over k and obtain 

k=-Ni: lez 
where ai = sup^.g[,^,+i] {\fix) + \f'{x)\) and 

Ml = #{k E Z : [Ate, X{k + l)e] n [Z, / + 1] / 0}. 

We get 

Ml < {eXy^ + 2< 3{eXy^ 

due to the assumption Ae < 1. Plugging this into (15.101 ) and recalling the definition 
of I /1 11 finishes the proof. 
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The proof for I'^'^ is similar. In order to apply the same argument, one only has 
to check that the bound corresponding to (15.131 ) also holds in the present context. 
To this end define /^'^ to be the fc-th summand in the approximation (15.91) and 
calculate 

/fc,'! + /fc'" ={f{yk) Y{yk) - fivk+i) Yxivk+i) ) {Zxivk+i) - Zx{yk)) 
+ (jiVk) Yliyk) ^xivk, Vk+i) Z'xiyk) 

- fiVk+i) Yxiyk+i) ^xiVk, Vk+i) Z'^{yk+i)^ 

+ fiVk+i) YxiVk+i) SXxivk, Vk+i) SXxivk, Vk+i) Zxivk+i), 
Here we have used the consistency relation (IA.3I ) for X. The term in the last line 
of (15.15b can be expressed as 

/(A?/fc+i) (SY{yk+i,yk) + RY{yk+i,yk)^SZ{yk+i,yk) 

+ Y'{yk+i)6X{xk+i,Xk) Rz{yk+i,yk) 

So using the smoothness of / one can see that these terms cancel with the terms in 
the first line up to an eiTor of order (eA)'^". The term in the second line of (15.15b is 
also of order {eX)^". Therefore, we finally get 

K"~ + Ik'"\ ^ (eA)3-A-"A(X,y,Z). 
Then the rest of the proof is the same as before. □ 

We now have all the ingredients to proceed to the proof of Proposition 15.11 We 
prove the bounds (15.6b on the space regularity and (15.71 ) on the time regularity 
separately. 



Proof of AS. 6\l . First we shall reduce the argument to the case where is the sim- 
ple finite difference operator 

D^u{x) = — [u{x + ez) — u{x)) . 



To this end we exchange the order of integration in (15.4b . RecalUng the definition 
of the operator in Assumption 1 1 . 31 we can write 



{t,x) = / zEl{t,x) fi{dz), 



where 



'{t,x) = I / G{ue{s,y))Dlue{s,y) 



DG{u,{s, y)) y) I)|X,(s, y) y) 



dyds. (5.16) 



For convenience, here and in the sequel we have dropped all the indices. 
Recalling that z n{dz) = 1 according to Assumption 1 1.3[ we see that 

E{t,x)-Esit,x)= [ {E{t,x)-El{t,x)) zfi{dz). (5.17) 

JR 

Therefore, most of the proof will be concerned with deriving z-dependent bounds 
on E^{t, x) — E^{t, x). Only in the last step we will integrate over z. 
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Recall the definition (13.451) of As{t) and A{t). It will be convenient to factorise 
the operators S{t) and Se{t) as 



S{t) = A{t)S{cft) and Se{t) = A^it) S{cf t). 



(5.18) 



We write the semigroups in this form, because it is not straightforward to check 
that Sg has the right regularising properties in Holder spaces. The factorisation 
(15.181 ) allows us to use the known scaling property of the heat kernels Pcf{t-s) to 
apply Lemma Isl and to obtain a smoothing effect. Then we will use Lemma 
to conclude that j4e(t — s) preserves (most of) the regularity. 



For every z one can write 

H(t,x) - 

where !'( and I2 are given by 



(5.19) 



^^^^^ ^ lo ^^^^~'^^iyf Pcf(t-s){- -y)G{u{s,y))dyu{s,y) 
Pcf{t~s){- - y) G{ue{s,y)) D^{ue{s,y)) 



DG{ue{s, y)) u^{s, y) Xe{s, y)u^{s, y) 



dy ]ds, 



hit) 



t r- 



A{t 



Aeit 



Pcf 

-TT 



y)G{u{s,y)) dyu{s,y)ds. 



We divide the bounds on the terms If, I2 into two lemmas and start with If. 
Lemma 5.5. For 7 G (0, 1) and k. > small enough we get for any t G [0, T] 



\Il{t)\c-r<V,t 



l+a-7-;3- 



+ \ez 



(l+a-/3-7-K)Al 



(5.20) 



Proof of Lemma \53\ Throughout the calculations we will often drop the explicit 
dependence of Ue and on the time variable. We introduce the quantity 



J 



/TT 
Pcf{t-s){x - y)G{u{s,y)) dyu{s,y) 
-TT 

Pcf{t-s){x - y) G{ue{s,y))D^Ue{s,y) 



(5.21) 



+ DG{ue{s,y)) u^{s,y) DlXs{s,y)u^{s,y) dy 
--: Jois,t;x) - J^{s,t;x). 



Then we get 



Ae{t-s) J\s,t;-)ds. 



(5.22) 



In order to get bounds on the spatial norm of If we will first derive bounds on 
the norm of the J^{s,t) for some k > 0. Then we will use Lemma \6A\ to 
conclude that the operator A{t — s) is a contraction from 0'^+''^ to C^. In order to 
get these bounds on we will actually give a bound on the norm and on the C 
norm and then interpolate between these. 
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Differentiating under the integral yields 

/TT 
dxPcf{t~s)ix - y)G{u{s,y)) dyu{s,y) (5.23) 
-TT 

dxPcf{t-s){x - y) G{ue{s,y)) Dlue{s,y) 

+ DG{ue{s, y)) u'^{s, y) D^Xeis, y) u^{s, y) dy 
= dxJo{s,t;x) - dxJ^{s,t;x). 

We will need to bound J(s, t; x) as well as dxJ{s, t; x) uniformly in x. Both 
calculations are similar- and we will present in detail only the more difficult case 
dxJ{s, t; x). The calculations for J(s, t; x) follow the same lines, only with some 
changes in the exponent of {t — s). From now on we will assume without loss of 
generality that x = and we will drop this argument in the notation. 

First, we will establish that for every z the term dxJ^{s,t) approximates the 
rough integral 

dxPcf{t^s){y) G{ue{y)) due{y). (5.24) 
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This will be done in several steps. In the case where (t — s)^/^ is lai^ger than the 
discretization e\z\ and when s > we can apply Lemma [5^ These calculations 
will be separated into the C3.SCS Z > and 2 < 0. In the case where s < the path 
Us cannot be interpreted as a rough path. Also when (t — s)^/^ < e\z\ Lemma [5^ 
provides no information. In both cases we will give a brute force bound. 

We start with the case 

s > e^ {t-s)> {ezf, and z > 0. (5.25) 

We separate the integral over [— vr, vr] into integrals over intervals of length ez. To 
this end we use the notation 

TT 



Then we can write 



dxJi{s,t)=— r 



ez 



and 



yk = kez. 



(5.26) 



Y dxPcf(t-s){yk + y) G{ue{yk + y)) (5.27) 



X I u,\yk+i + y) - Ue[yk + y) 

+ dxPcf{t-s){yk + y) DG{ue{yk + y))u's{yk + y) 

X ^e{yk + y, yk+i + y)u's{yk + y) 



dy 



+ Ei{z), 
where the error term Ei is given as 
1 

ez 



Ei{z) 



[(Ne,-l) £Z,TT]Vj[~1T~Nez ez] 
+ dxPcfit-s) DG{Ue)Us ^eu's 



dxPcfit-s) G{ue)6ezUe 



dy. 



(5.28) 
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Here we have used the abbreviation 5ezUe{y) = Ue{y + £z) — u^{ii). 

On the domain of integration in (15.28b the term dxPcf{t-.s) is uniformly bounded. 
Actually, if (t — s) > 1 this term is uniformly bounded on all of M and otherwise 
condition (15.251) implies that on the domain of integration the argument is bounded 
away from zero. Therefore, we can bound 

\Ei\ < \G\c lueUa-iiezf''^' + \DG\cK\l l^eUa-iiezf^"' 

Here we have used that 3a — 1 < a. 

We want to show that uniformly in y G [0, ez] the sum in square brackets on the 
right-hand side of (15.271 ) approximates the rough integral (15.241) . To this end we 
apply Lemma |5]2] with 

f{t~s){y) = {t-s) 9xPc^(t-.)(y - s) 

Y = G{ue{y)). 

Actually, in (15.301 ) the function f{y) is only defined for y G [— vr(t — 7r(t — 

but using the reflection principle 



-(y + 2-Kk) 



V 4t 

it can be seen easily that /(t„s) can be extended to all of M so that 

sup I /j| < oo. 

t 

Also Y{y) = G{ue{y)) is a rough path controlled by (X^jX^) with rough path 
derivative 

Y'{y) = DG{ue{y))u'M , (5.31) 

and remainder 

RYix,y) = DG{ueix)) RuAx,y) (5.32) 
1 

DG{Xue{y) + (1 - A)n,(x)) - DG(n,(x))J {ue{y) - Ue{x)) dX. 

Recalling the boundedness assumption from the beginning of this section and in 
particular (15. 21 ). we obtain 

\Y\c^ < 1 , \Y'\c. < 1 , \RY\2a < s-2 . (5.33) 



Now we ai^e ready to apply Lemma 15.21 We can conclude that for every y in 
[0, ez] the sum in square brackets on the right-hand side of (15.271 ) can be written as 
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dxPcf(t~~s){y) G{usiy)) due{y) + E2{y, z) , (5.34) 
where the error term E2{z) is bounded by 

\E2{y,z)\ < {ezf-~\t-s)=^s-i. (5.35) 

Here we have used the definition of A(X, Y, Z) and the a priori bounds on and 
on G(ue) (see also remark [5^ . 

Actually, for some y the last summand in the expression (15.81) may be missing 
but this error can be bounded easily. Inserting (15.341) and (15.351 ) as well as ( 15.291 ) 
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into (15.271 ) we can conclude that in the case where {t — s) > (ez)'^ and z > we 
get 

|3a-l 



/TV 



< 



\ez\' 



. l + 2a I 
S) 2 S2 



it 



The case where 



s > 



it-s)> (ez)2, 



and 



^ < 



(5.36) 



(5.37) 



can be treated in the same way by following the calculations from (15.251 ) to (15.36b . 
The only difference is that in (15.271 ) the expression ^ JJ" has to be replaced by 

^ /o^'^'- Then in order to derive (15.351) . the second statement of Lemma I5l2l is 
used instead of the first. So in this case the bound (15.361 ) holds as well. 
In the case where s < or (t — s) < (ez)^ we brutally bound 



/7r 
dxPcf(t-s)G{Ue) dUe 
-TT 

dxVcf{t-s)G{ue) dUe 

-TT 



< \dxJl{s,t) 



The first term can be bounded by 

1 



(5.38) 



\dxJl{s,t) 



< 



e\z\ 



\dxPt~s{x -y)\dy 



< 



ez 



\G\o\ue\a\ezf + \DG\o\u'X\^e\Jez[ 

«-l(t_s)-l/2. 



(5.39) 



The second integral can be bounded by applying the scaling Lemma IA.5I to the 
functions / and Y as in (15.301 ). Using the bound (15.331) on the controlled rough 
path norms of Y one obtains 



/TT 
dxPcfit-s) G{Ue) dUe 
-TT 



^ , -. -2+a _P_ 

<{t-s) 2 S 2 , 



(5.40) 



Actually, the bounds ( 15.391 ) and (15.401) also hold with a replaced by a and /? re- 
placed by /5. We will prefer to work with this bound. This establishes the bounds 

for docJ^is, t) - jZ^ d:rPcf(t-s) Giusis)) dUe. 

Finally, to get a bound ondxJ^{s,t;x)ii remains to bound 



/TT /"TT 
dxPcf{t-s)G{u{s))du- + dxPcf{t-s)G{ueis)) dUe 
-TT J —TV 



(5.41) 



Similar calculations have been performed in BHWIOI Prop. 5.8] and we will only 
give an outline here. In order to get a better rate at this point we will work with the 
smaller Holder exponent a. Of course, all the bounds that we have imposed on the 

norms of u, etc. remain valid for a. In BHWIOI Rem. 5.3] a version of the 
scaling lemma IA.5I is given, that bounds the difference of two rescaled integrals. 
This yields an estimate for the expression in (15.41b in terms of |X — X^j^a , |X — 

\2a:\u — U£\c&,\u' — u'^\q&,\Ru — Ru^ | a , as wcU as the norms for the differences 
of G{u) — G{ui;). Bounds on these norms can be found in BHWIOI Lem. 5.5 ]. 
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Then one gets 



dxPcfit-s) G{Ue{s))dUe 



dxPcf{t-s) G{u{s)) du 



(5.42) 



<\G\c.{t-s)^s--2V,. 



Let us summarise (15.361) . (15.381) - (15.401) and (15.42b . If {t - s) > (ez)^ and s > 
we get 



-l-2a 



X 

+ {t- s)^^s~2V^. 



S) '2 S '2 

2+a ^ , 



(5.43) 



If s < or {t — s) < {ezf we get 



-2+a _^ 

2 s 2 



(5.44) 



As stated above, we can repeat the entire argument with dxPcj(t-s) replaced by 
Pcf{t-s) obtain very similar bounds for sup^, | J^(s, t; x)\. The only difference 
is that all the exponents of (t — s) are increased by 1/2 compared to those appearing 
in (15.431 ) and (15.441 ). Then we can interpolate between the and the C bounds to 
get bounds on in an arbitrary C''' for 7 e (0, 1). These norms are then bounded 
by exactly the same quantities as on the right-hand side of (15.43b and (15.44b with 
exponents of {t — s) increased by (1 — 7)/2. 

To conclude it only remains to refer to the first statement in Lemma \6A[ that 
states that the operators are uniformly continuous from C^^'^ to any C for 

any k > 0. Then integrating (15.43b and (15.44b over s, and observing that for any 
/3i,/32 G [0, 1) we have 

t nl 

{t- s)-^H-^^ds =t^-^^-^^ / {l-s)-^^s-^^ds 

Jo 

we arrive at the desired conclusion. □ 

We continue with a bound on I2. 

Lemma 5.6. Let 7 > 7 G (0, 1). Then, for any k > small enough and for any 
t G [0, T], we have 



, I - 1— 8 



(5.45) 



Proof. In the same way as in (15.40b we can see that 

Pcfit~s)(.- -y)G{u{s,y)) dy'^{s,y) 



/71 



-1-7+a _l 
<{t-s) 2 s 2 . 



□ 



The desired bound (15.451 ) then follows immediately from (16.71 ). 

To finish the proof of (15.6b it only remains to recall that according to (15.17b and 
(15.191 ) we have 

\E{t) - ES)h < [ ilimic + |/2(t)|,) \z\ Wdz). 

JR 

Combining (15.20b and (15.451 ) and recalling the existence of second moments for |//| 
we get the desired bound. □ 
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We will now give the proof of the bound (15.71) concerning the time regularity. 

Proof of ^5. 71 ). Fix times < s < t < T. Our aim is to derive uniform in x 
bounds on the quantity 

I x) - E,{t, x)) - {E{s, x) - x)) \ . (5.46) 

We will use the same quantities J^,Jq, and J| defined above in (15.211) . Recall 
that ( 15.391 ). (15.431 ). and (15.441) we have already derived bounds on the norm of 
these quantities. Furthermore, as in (15.401 ) we can see that 

\JSM\^.<{t-s)^^s-l (5.47) 

With these bounds at hand we can start to give the estimate on (15.461 ). As before 
we will omit the space variable x in the notation. Similarly to above in (15.171 ) and 
(15.191 ) we write 

where the /? are given as the following integrals over [e^ , s] : 

I^{s,t) = [ \{S{t-s)-Id)A{s-T) 

- {Se{t - s) - Id) Ae{s - r)] Jo(r, s) dr, (5.48) 

Il{s,t) = r {Se{t-s)-Id)A,{s-T)r{T,s)dT, 

and the following integrals over [s,t]: 

h{s,t) = [A{t-T)-A,{t-T))]jo{T,t)dT, 
Il{s,t) = I' Ae{t-T)[r{T,t)]dT. 

We shall show that the bounds on these quantities follow in a straightforward way 
from Lemma [63] and the bounds stated above. 

Combining (15.471) and Lemma [631 we get for any 7 G (0, 1) and k > small 
enough 



2 



(5.49) 



Here we have used the fact that (3 < a. The constant in the last line depends on the 
final time T. For If > combining Lemma [64l as well as (15.431) and (15.441 ). we get for 

any 7 < 2 - 2a - /3, 



\ms,t)\<{t-sy^ 



l + a — 7 — /3 — K 

V, s -2 
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To bound we use Lemma [6^ and (15.471 ) and get that 

\l3is,t)\ <ei+"-/3-^"«(t-s)i. (5.50) 

Finally, for /| we get using Lemma \6A\ and (15.431) . (15.441 ) that for any 7 < 2 — 

2a- (3 



\ms,t)\<{t-s)2 
ft 



1+5-/3-7- 



+ \ez 



o 11 2ci — /3 — -7 — K 

3q,_i^i 



+ 



l-(t-s)<(£2)2 



ezr-^(t - + {t- s)^^T- 



(5.51) 



dr. 



The integral on the right-hand side of (15.511 ) can be bounded by 

^{t- s 

By interpolation (and redefining k) one can bound this by 



(t-s)2 



Then summarising these bounds and integrating over z we obtain the desired 
bound □ 



6. Bounds on the approximated semigroup 

Throughout the paper, we frequently need bounds on the approximated heat 
semigroup 5^. The following Lemmas 16.11 and 16.21 will be necessary to proof 
Lemma 1331 on the regularity of the remainder term R^. The other main results 
of this section. Lemma l64l and [631 state that the regularising properties on Holder 
spaces of the approximated heat semigroup Se{t) are similar to those of S{t). 

The following result is a special case of IISte57ll adapted to the periodic setting. 
For the convenience of the reader we include a self-contained proof. In this lemma 
we write to denote the weighted L^-space endowed with the norm 



I/I 



LI 



|/(x)|V|2"dx 

be an L°° function, and consider the integral 

a{x -y)f{y)dy , 



Lemma 6.1. Let a : [—it, tt] — )• II 
operator A : L'^ ^ defined by 

Afix) = 



where a is extended periodically. Suppose that there exist constants Ci , C2 > 
such that for all f £ L'^ and x E [— vr, vr] 



\Af\L2<Cl\f\L2 



Hx)\ < ^ 

\x\ 



(6.1) 



Then, for a G (0, ^) there exists a constant C > depending only on Ci, C2, and 
a, such that the bound 

\Af\Ll < C\f\Ll 



holds for all f G L^. 



60 



MARTIN HAIRER. JAN MAAS. AND HENDRIK WEBER 



Proof. The proof of this results consists of two parts. First we give a proof of the 
analogous result, in which the torus [— vr, vr] is replaced by M; this result is due to 
Stein IISte57ll and we provide his proof for the convenience of the reader. In the 
second part we use the result on M to obtain the desired result on the torus. 

Step 1. Let a : M — )• M be an function, and consider the integral operator 
A : L2(M) ^ L^(R) defined by 

Af{x) = / a{x - y)f{y)dy . 

Suppose that there exist constants Ci, C2 > such that for all f ^ and x G M, 

|^/Il2(r) < , \a{x)\ < ^ . (6.2) 



Then, we claim that for a G (0, ^) there exists a constant > depending only 
on a, such that the bound 

1-4/1^2(18) < (Cl +C2Ca)\f\Ll{R) 

holds for all / G Ll{R). Here (M) denotes the weighted L -space endowed 
with the norm 



/ l/C 



x)\Wdx 



In order to prove the claim, let Ma denote the multiplication operator defined 
by Maf{x) := \x\'^f{x) and consider the commutator [M^, A] := MaA - AMa- 
Then we have 

I^/Il|{R) = |M„A/|i2(K) < |[M„,^]/|i2(M) + \AMaf\mR) ■ 
Since (16.21 ) implies that 

I^^a/|L2(R) < Ci\Maf\L'2{R) = ^11/1x2(18) > 

it remains to estimate the commutator [Ma, A]. For this purpose we set k{x,y) := 
- — ' and consider the operator K defined by 



Kfix) 



Hx,y)fiy)dy . 



It follows from dOI ) that 

\[Ma,A\f{x)\= [ aix-y)il-\x/yn\yrf{y)dy 
JR 

<C2 [ k{x,y)iMa\my)dy = C2KiMa\f\){x). 

JR 

Since for A G M \ {!}, 

\xk{x, Xx)\ 
a change of variables yields 



(6.3) 



i-iAr 



1 - A 



\Kf{x)\< / \xk{x,Xx)f{Xx)\dX 



1-|A|-" 



1-A 



/(Ax] 



dX . 
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Hence by Minkowski's integral inequality we get 

1-|A|- 



\Kf\ 



< 



1-A 



dX 



<\f\ 



1-|A| 



|A|2(1-A) 



I /(Ax) 1 2 dx 

d\=:CM\m 



with Cq < oo. By (16.31 ) we thus obtain 

|[M«,^]/Il2(m) <C2|K(M„|/|)|i2( 
<C2C«|M,|/| 1^2(1 



C2CQ, 1/1^2, 



which completes the proof of the claim. 

Step 2. We shall now use Step 1 to prove the corresponding assertion on the 
torus. Thus, let a be as in the statement of the result, fix a small constant 5 G (0, ^), 
and consider the functions 6, (7 : [— vr, vr] — >■ M defined by 



, def ^ 

= all 



def ^ 

g = all 



so that h contains the "bad" part of a and g contains the "good" (i.e. bounded) part 
of a. Furthermore, for any bounded function a: [— vr, vr] — )• M, we define operators 
Ta and Tq, acting on functions defined on [— vr, vr] and M respectively, by 



Taf{x) 



a{y)Pf{x -y)dy , faf{x) 



a{y)f{x -y)dy , 



where Pf denotes the periodic extension of /. For / G L^[— vr, vr] we define 
/ : M ^ R by 

/ = (-P/)l[-7r-<5,7r+<5] • 

< |/Ii2r_,^i and that nf{x) = Tbf{x) for x G [-vr,^], so 



Note that \f\l,^^ 
that 



\Tbf\Ll[~n,Tr] < \Tbf\Ll( 



To show that is bounded on [— tt, vr] it thus suffices to show that T), is bounded 
on L^(M). To show this, we need to check the conditions of Step 1. Cleai^ly, 
\b{x)\ < 1/1 2; I for all X G M by the assumption on a. It thus remains to show that 
Tf) is bounded as an operator on L^(IR). 

For this purpose, take ip G L^(M) and for j € Z define ipj : [— vr, vr] — M by 
ipj{x) = ip{x + jtt). For 2; G [— f , f ] we then have the identity (Tfti/?) {x + jvr) = 
Ti,ipj{x). Since Ta is bounded on L^[— vr, vr] by assumption and Tg is bounded on 
the same space since g G L^[—tt, tt], it follows that T;, is bounded on L^[— vr, tt] as 
well, and its operator norm Ns depends only on 6. We infer that 



(^^'^)^[(i-|)^,(i+|wlL2{R) 



LH 



The claim now follows from Step 1 . 
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It remains to show that Tg is bounded on L^. This however follows from the 
fact that 



|x|%/(x)= / ^^{Pg){x-y)\yrf{y)dy. 

J ~n \y\ 

Indeed, it suffices to note that g (and therefore its periodic continuation Pg) is 
bounded and that, since a < ^, the function is square-integrable. The 

Cauchy-Schwartz inequality immediately implies that the norm of the left hand 
side is bounded by ||/||l2 as required. □ 

Lemma 6.2. Let a: [—it, tt] M.be a function with Fourier coefficients a{k), 
k G 1i. Assume that 

^\a{k)-a{k - 1)1 < K. 



Then, for any x G [— vr, vr] one has 

ttK 



\a{x)\ < 



2\x\ 

Proof. Using the identity |1 — e*^| = 2| sin(2;/2)| we obtain for all x G [— vr, tt], 
2Tr-'^\xa{x)\ < 2|a(x) sin(x/2)| = | ^ a(fc) 6*^=^ (1 - 

= I a{k) e*'^^ - a{k) e^^'^+i)^ | 

which is the required bound. □ 

We state the regularising properties of Sg in terms of the operator A;.. Recall 
that 

Se{t) = A,{t) S{cft), 

and that A^ is the Fourier multiplier associated to the sequence of functions 

as4k) = exp ( - k\l - Cf)tf{ek)) . 

Here, and in the sequel we will often write / = to shorten the notation. 

Recall that / is bounded from below by c/ > according to Assumption ll.il / is 
continuously differentiable on [—(5,5] with bounded derivative, and /(O) = 1. We 
also recall the notation 

at{k) = exp ( — k'^{l — Cf)t) . 

In order to obtain the desired bounds on Ag{t) as an operator on Holder spaces, 
we first state a simple corollary of the Marcinkiewicz multiplier theorem ||Mar39i 
Note that we cannot apply standard multiplier results in Holder spaces such as the 
one in IIABB04II . since in our application the conditions in these spaces are not 
satisfied uniformly in e. In order to state the result we introduce the following 
notation. For any sequence {m{k)}k& we define 

ll"^l|yVi sup |?n(A;)| + sup |m((TA;) — ?n((7(A; + 1))| . (6.4) 

k=2i <Te{-i,i} 
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The result can now be formulated as follows. 

Lemma 6.3. Let {"^(/i:)}fcgz be a real sequence and let be the associated 
Fourier multiplication operator given by 

For any 7 > we define the sequence {m'^}kez by 

m^{k) = \k\-^m{k) (6.5) 
for k ^ and m'^{0) = m{0). Then, for any 7 > and any k > Owe have 

Proof. For any 1 < p < 00 the Marcinkiewicz multiplier theorem IIMar39ll asserts 
that 

where Tm-y is the Fourier multiplier associated to m'^'. Hence, it follows immedi- 
ately from the definition of the Bessel potential spaces //T'P that 

1 1 1 1 <r 1 1 1 1 

(See, e.g. IIGra09[ Section 6.1.2] or |Mey92| for proofs in the whole space; the 
extension to the torus is immediate.) Then the desired statement follows from the 
embedding 

(^7+7 ^ ^7+7-k/2,p^ 

and the Sobolev embedding 

which holds as soon as p is sufficiently large. □ 

Now we are ready to apply this result to the operators ^e(t). 
Lemma 6.4. Let < 7 < 1 and k > 0. Then the bound 

sup sup \\Ae{t)\\ci^c^-^ <1 . (6.6) 

t&[0,T] ££(0,1) 

holds. Furthermore, for any 7 G [0, 1], we have 

sup p(t)-yl,(t)||c,+.^c^-«<e^. (6.7) 
te[o,T] 

Proof. The first bound follows immediately from Lemma [63] observing that 

which is uniformly bounded by Assumption 11.21 
As a shorthand, we use the notations 



^ der f- y det 'y ^ 

dettt = ae,t - at , deal = a^^- a/ 



where aj^ and a] are defined as in (16.51 ). The second bound follows from 16.31 as 
soon as we have established the estimate 

||<5.«7lU<e^- (6.8) 

Observe that 6£a]{0) = 0, so that from now on we will only deal with k 0. Also 
recall that according to Assumption ll.il f is differentiable on (—(5, 6) with bounded 
derivatives. 
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In order to establish (16.81 ) we start by showing that 

sup \6ea] {k)\ <e^. m 
fcez ^ ■ ^ 

In order to keep the formulas short, we will always drop the pref actor (1 — Cf) in 
the definitions or ^ and at- This corresponds to a rescaling of the time variable, 
which does not change the statement we want to prove. Furthermore, by symmetry 
it suffices to consider the positive Fourier modes, hence, to simplify notation, we 
will neglect the terms with a = — 1 in the definition of || • 
If < \ek\ < 5 we can write 



\6ea]{k)\ = exp ( - tk^f{ek)) - exp ( - t/c^) 

^T^^^Pi- cftk')tk^\f{ek) - 1| < j^\ek\ < e\ 



(6.10) 



Here we have made use of the fact that the function x ^ x exp ( — cy x) is bounded 
on [0, oo) as well as of the boundedness of /' on {—5, 6). 

\f\ek\ > 5 the bound (16.91 ) can be established simply by writing 

\5ea2{k)\<\k\-^ <e\ (6.11) 

The bounds on the BV-norms of the Paley-Littlewood blocks 

\5eam-^eal{k + l)\ 

fc=2' 

require more thought. Actually, we can always write using the inequality |/(7|bv < 
l/lcblBV + blcl/lsv 

2'+i-l 2'+i-l 

\5,al{k)-5eal{k + l)\<^ Y \6Mk) - S^atik + 1)\ 

k=2' fc=2' 

+ T^T sup \deat{k)\ . (6.12) 
fce[2',2'+i] 

The second summand can be bounded as in (16.101) and (16.1 II) . We get 

sup \6eat{k)\ < e'^ . (6.13) 

^ ^ fc6[2',2'+i] 

For the first term on the right-hand side of (16.121 ) we distinguish between different 
cases. 

We first consider the case where e2'+^ > 5. In this case the a^^ti^k^ for k G 
[2', 2'+^] are not good approximations to the at{k). Hence we bound the difference 
by the sum 

\5eat{k) - 5eat{k + l)\ < \as,t{k) - a.^k + 1)\ + \atik) - atik + 1)\ . (6.14) 
Then we get using Assumption 1 1 .21 on the boundedness of the BV norm of a^^t 

2i+i_x 

^ Y Ktik)-aeAk + l)\<^<s^- (6-15) 

k=2' 

The second term on the right-hand side of (16.141) can be bounded in the same way. 
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Secondly, we consider the case e2'+^ < 6. In order to treat this case, we claim 
that for any non-negative numbers gij with i,j G {0, 1}, we have 



-300 _ g-501 _ e~9io _|_ g-9ii 



500 - 901 - 910 +911 



+ [\9oo - 901 1 + |9io - 911 1 j [\9oo - 9io| + |9oi - 9ii| 
where m = min gij . To see this, set 

9(A,/i) = (1 - A)(l - fi)goo + (1 - A)/i5foi + A(l - i.i)gio + X^gu 
and note that the left-hand side of (16.161) can be written as 



(6.16) 



7' 

Jo 



< 



dxdf, exp(-g(A, fi)) dX dfi 
Jo 



\d\dfj,g{X, + \dxg{X, fi)\\df,g{X, exp{-g{X, fx)) dXd/i 

The estimate (16.161 ) follows using the inequalities 

dxdij,g{X, n) = goo - 9oi - 9io + 9ii > 
dxg{X,fx) < \goo - 910I + |9oi - 9ii| . 
<9/»9(A,^) < I900 - 901 1 + I910 - 911 1 > 
g{X,fi) > m . 

Applying this estimate to g^i = {k + i)'^t and gu = {k + i)^tf {e{k + i)), we infer 
that 

2'+i-l 2'+i-l 

^ \Ssat{k)-5Mk+l)\<i^ E e-'f"^'{B,,t{k)+C,,t{k)) (6.17) 



fc=2' 



k=2' 



where 



B, ,t{k) = tk\f{Ek) - 1) - t{k + l)\f{e{k + 1)) - 1) 
and, taking into account that ek <1, 

C, ^t{k) =\tk^ - t{k + 1)2 + tk^fiek) - t{k + l)'^f{e{k + 1)) 
tk^ {fiek) - 1) + t{k + l)^\f{eik + 1)) - 1 



< 



(tk) ■ {tek^ 



= thk^ 

Using these bounds, together with the fact that M = sup^yQ{xe~^ , x'^e~^} < 00, 
we infer that 

1 M 

^ \5Mk)-6Mk + l)\<^ E e<2^^'^^^e<e^ . 



2'^ 



fc=2' fc=2' 

This finishes the proof of (16.81 ) and hence of (16.71 ). 

The following result is now an immediate consequence. 



□ 
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Lemma 6.5. Let A € [0, 1] and a < 7 + A. For k > sufficiently small, 

\S{t) - Se{t)\c^-,c-> < t-i(7-"+A)£A-. (6_^g) 

Proof. This follows from the decomposition 

S{t) - Ssit) = Sicft)iAit) - A,it)) , 

using Lemma [64l and the standard regularisation properties of the heat semigroup. 

□ 

The next result concerns the time regularity of solutions to the approximated 
heat equation. Recall that the approximated heat semigroup is not strongly 
continuous at and we cannot expect convergence to zero of, say, |S'£(i)— Id 
as t — )• 0. However, the following result states that the approximating semigroup 
has nice time continuity properties for times > e^. 

Lemma 6.6. Let 7 G [0, 2]. Then, for all t,s > and u G C't+k have 

\{Se{t)-Se{s))u\c<\t-srlMc^+^ ■ 

Proof. Without loss of generality we shall assume that s <t. Let us write 

m1^{k) = k'"^ exp{—tk'^ f{ek)) , ms^t{k) = exp{—tk'^f{ek)) . 
Lemma 1631 implies the desired result as soon as we have established that 

\mlt-m2^,\^<{t-sr/\ 

where the norm \-\m has been defined in (16.41 ). By symmetry it suffices to consider 
the Fourier coefficients with k > 0, i.e. the terms with a = 1. In order to shorten 
the notations, we will write 

^fnlftik) =mlt{k) - m2^sik) , 

and similarly for dml ^. 

Using the boundedness of the function x 1— )• /(x)"^/^ exp(— x^/(x)) and the fact 
that < s, we obtain 

sup |(5m]'f (A;)! < A;~'''exp(— sk^f{ek))\ 1 - exp ( - (i - s)k^f{ek)) 



<expi-e'k'fiek))it-sr/^fiekr/^ 

<it- syl' . 

It remains to bound the Paley-Littlewood blocks, for which we will show that 

(^■) - 5<t (fc + 1)1 < |i - sV" ■ (6.19) 

We start with the case < e2^~^^ < 6, where the small constant 5 has been defined 
in Assumption ll.il On [0,6], the function / is by assumption, so that 

\Srn:ftik) - Sml^ik + 1)| < J^^ (x)| dx 



k=2'- 



[e{t - s)x^-y{ex) + 2x^~^{t - s)f{ex)] e-*^'/(^^) 



dx 
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esx^f'{ex) + 2sx'^f{ex) + 



< 



|t - s\ 



1+7 



2'+ 



1 9 

SX^ + 1 



.1+7 



-sx^f{£x) _ -tx^f{ex) 



^~sx^f{ex) _ ^-tx'^fiex)^ 

(6.20) 

dx . 



For the first term, we use the boundedness of / on [0, 6] as well as the lower bound 
/ > 2cf, so that 



\t - s\ 



^2'+l 




s\ / 


3;l-7g-t2^V{e2^) 


J2' 





dx<\t- s|^/2 



|t_s|l/22i+i 
|t-s|i/22' 



,1-7 



<\t-s\^/\ 

as required, where we used the fact that |t — s| < t. We break the second term in 
two components. For the first one, we have 



sx^ 



hi X 



'^(^-sx^fiex) _ ^-tx'2f[ex)\ 

.1+7 V ; 

^ J21 

sx'^-^ \{t-s) x^f[ex)y'^ dx 



li+i 



< 



/"OO 

JO 



For the remaining term, we obtain 

/■2'+l 



2' 



l^L-sx^f{ex) _ ^-tx^f(ex)\ 



/.2'+i 



1 



< (t - ^)^/' ' 



N _g-(t-s)x2/(ex)|^^< 



/■2'+i 



/2' 



1 A |t - s|x^ 

_^l+7 



dx 



1 A z 



^ 



Let us now treat the case 5 < e2'+^. Since 5m1'^{x) = x 5m'i^^{x), we obtain 

2i+i_i 2'+i-l 

^ |5mJ;f(A;)-5mJ;f(A; + l)|<^ |<5mL(A;) - 5m^,i(A; + 1)| 



fc=2' 



fc=2' 



-J- sup |(5?n^4(/c)| 
^ ' fce[2',2'+i] 



(6.21) 



The second term in this expression can be bounded by 

^ sup \5ml^{k)\<^ sup eM-sk^Kemt-sV'^ky{eky'^ 



fce[2',2'+i] 



< 



sup eM-sk^K£k))\t - sr''^f{eky'^ . 



fc6[2',2'+ 
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As above, this expression can be estimated using the boundedness of x i— )• x'^/^e"^ 
and the fact that < shy 

sup \t - s\^/'^S-^'/^k^^' < sup \t - s|T/2s-T/2e7 < \t _ ^jl/S _ 
fce[2',2'+i] fc6[2',2'+i] 

It remains to bound the terms 

2i+i_i 

^ E \^<tik)-5ml,{k + l)\<^\5ml,\Bv. (6.22) 

For this, it turns out to be sufficient to show that for c G (0, 1] we have the bounds 

\Gc\l^<c, \Gc\^^<c, (6.23) 

where 

G,(x) = exp ( - x2/(x)) - exp ( - (1 + c)x''f{x)) . 
Assuming that we have established (16.231) . we can rewrite 6ml ^ as 

^rn^tix) = exp ( - (s - e^) x^f{ex)) G\t_s\/e^{^x) . 



By Assumption II. 2[ both the BV and the supremum norms of the first factor are 
uniformly bounded so that, combining this with (16.231 ). we obtain the bound 



< 



BV ^ _2 



On the other hand. Assumption [O] immediately implies that \5m!i ^{x)\■BY ^ 1> so 
that \5ml i{x)\^Y ^ I* — s\^/'^£~^ . Plugging this back into (16.221 ) and using the 
fact that e2^ > (5/2, we immediately obtain the required bound. 

It remains to show (16.231 ). The bound on the supremum follows immediately 
from the inequality e~^(l — e~^y) ^ c by setting y = x"^ f{x). To obtain the BV 
bound, set Ac{x) = — e~(^+'^)^ and note that one has the bound 

\A^{x) - A,{y)\ = r e-' - (1 + c)e-(i+^)^ dz < c T e"! dz 

J X J X 

= c|e-^/2_g-,/2| ^ 

so that the BV-normof Gc is bounded by c times the BV-norm of exp(— ^x2/(x)). 
This on the other hand is bounded by Assumption 1 1.2[ so that we have established 



Appendix A. Rough integrals 

In this appendix we briefly summarise the definition and the properties of rough 
integrals we use. We refer the reader to l[LQ()2} IGub04l ILCL071IhWT01 IFVTOH for 
a more complete account of rough path theory. 

As above for X G C we will always use the notation 6X{x,y) := X{y) — 
X{x). For R e B we will write SR{x, y, z) := R{x, z) — R{x, y) — R{y, z). See 
IIGub04[|GT10ll for a discussion of the algebraic properties of these operators. 
We want to define integrals of the type 

y 

Y{z) ® dZ{z) (A.l) 



L 
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for functions Y^Z G for some a G (0,1). If a > ^ such integrals can be 
defined as limits of Riemann-sums of type 

^Y{xi)®bZ{xi,Xi^x)- (A.2) 

i 

This yields the Young integral. 

\ia < \ Riemann sums of type (IA.2I ) will in general fail to converge. The idea 
is then to define a better approximation with the help of additional data. To this 
end we introduce the following definitions. 

Definition A.l. An a-rough path consists of two functions X G C°'(M."') and X G 
^ ^n^^ satisfying the relation 

X(x, z) - X(x, y) - X(y, z) = 6X{x, y) ® 6X{y, z) (A.3) 

for all x,y,z. An a-rough path (X, X) is called geometric if in addition for every 
X, y the symmetric part X+(x, y) = |(X(a;, y) + 'K{x, y)^ ofX.{x, y) satisfies 

X+(x, y) = ]^5X[x, y) ® 5X{x, y). 

Following IIGub04ll we also define: 

Definition A.2. Let X be in A pair {Y, Y') with F G and Y' G C"(£(]R")) 
is said to be controlled by X if for all x^y 

6Y{x, y) = Y'{x) 8X{x, y) + Ry{x, y), (A.4) 

with a remainder Ry G B'^'^. 

Note that (IA.4I) is a linear- condition. So for a given X the space of paths that are 
controlled by X is a vector space. 

Remark A.3. In general the decomposition (IA.4I) need not be unique, but in all of 
the situations we will encounter there is a natural choice of Y' . 

If y, Z are controlled by X and there is a choice of X turning {X, X) into a 
rough path, we construct the rough integral integral J YdZ as the limit of the 
second order approximations 

y{xi) ® {Z{x,+i) - Z{x,)) + Y'{xi) X(a;„ Xi+i) Z' {xif . (A.5) 

i 

If a > |, it turns out that these approximations converge: 

Lemma A.4 ( IIGub041 Thm 1 and Cor. 2]). Let a > \. Suppose {X, X) IS an a 
rough path and Y, Z are controlled by X. Then the Riemann-sums defined in dA.5D 
converge as the mesh of the partition goes to zero. We call the limit rough integral 
and denote it by f Y{x) ^ dZ{x). 

The mapping {Y,Z) ^ / ^ ® dZ is bilinear and we have the following bound: 

r Y{z) ® dZ{z) = Y{x) ® dZ{x, y) + Y'{x)y.{x, y)Z'{xf + Q{x, y), 

J X 

(A.6) 

where the remainder satisfies 

+ \X.\2c.(\Y'U\Z'\c + \Y'\c\Z'u) + \X\l\Y'\ o\Z\a- (A.7) 
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The rough integral also possesses continuity properties with respect to different 
rough paths. We refer the reader to IIGub04ll for more details. The reason for using 
the notation f instead of / is to keep a reminder of the fact that this is really an 
abuse of notation since fYdZ also depends on the choices of Y', Z', and X. 

We will need the following scaling property of Young and rough integrals. For 
a function / : M — M, recall the definition of the norm 



\fh,i = Yl (1/(^)1 + 1/(^)1) 



(A. 8) 



given in Lemma [5^ One then has the following bound: 

Lemma A.5 (Lemma 5.1 in BHWIOII ). Assume that / : R — )• M a func- 
tion with finite Let a G (|, {X, X) be an a rough path and Y, Z be 
controlled by X. Then for any A > Aq 



/71 



f{\x)Y{x)dZ{x) < |/|i,iA' 



(A.9) 



+ \XUY'\c\Rz\2a + |X|2„( ly'lolZ'lc^ + \Y'\cc.\Z'\o) + \X\l\Y'\c\Z\a 



Similar bounds also hold for differences of integrals against different rough 
paths (see IIHWlOi Rem. 5.3]. 

Appendix B. Regularity results 

We first quote a version of a classical regularity statement due to Garsia, Ro- 
demich and Rumsey IIGRR71I . For R B v/e will use the notation 



\^R\[x,y] ■= sup 

x<zi<Z2<z:i<y 

= sup I 

x<zi<Z2<Z3<y 



\dR{zi,Z2,Z3)\ 

R{zi,Z3) - R{zi,Z2) - R{Z2,Z3) 



Lemma B.l (Lemma 4 in IIGub04ll ). Suppose R ^ B. Denote by 

R{x,y) 



U 



e 



dx dy, 



(B.l) 



where p : 



p(|x-y|/4), 

is an increasing function with p{0) = and Q is increasing, 



convex, and 0(0) = 0. Assume that there is a constant C such that 



\SR\ 



< e 



-1 



c 



\y - x\ 



p{\y - x\/4:), 



(B.2) 



\y-x\ 



U 



c 



dp{r). 



(B.3) 



for all X, y. Then 

\R{x,y)\ ; 

for all X, y. 

Remark B.2. We will use Lemma IbTT] with Q{u) = and p{x) = x"^^/*'. In this 
situation, if R{x, y) = /(x) — f{y), Lemma IbTT] states that 



I/I. 



< 



\f{x)-f{y)\'' 

\ap+2 



[-7r,7r]2 \X-y 



dx dy 



(B.4) 



which is a version of Sobolev embedding theorem. 
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We will now proceed to extend this statement to derive bounds on functions that 
depend on several variables. We will use the abbreviated notation 

ll^llc^MC?) ■= ll-^llc"l([0,T],C"2[-,r,7r]), 

and similarly for 

Lemma B.3. Let ai, 02 > 0, let 71, 72 S [0, 1] and let p > 1 be such that 

ai < 71 Ai - - , a2 < 72A2 - - (B.5) 
P P 

for some Ai, A2 > 0, A3 > with Ai + A2 + A3 = 1. 

(1) Let F be a random function in C([0, T], C[— vr, vr]) satisfying 

sup E\F{t,x) - F{s,x)\'^ <Uf\t- s\^^P , dESi) 

[— 7r,7r] 

sup E\F{t,x) - F{t,y)\^ <U^\x -yP^P , (iB^b ) 
te[o,T] 

sup E\F{t,x)\^ <Ui . SKEt ) 
ie[o,T] 

Then we have 



7r,7r] 



te[o,T] 

sup E|5i2(0|f , <C/fl^ 
te[o,T] ^ '''^ 

sup E|i?(i;x,y)|^ < f/f . 

a;,i/e[-7r,7r] 

ie[o,T] 



5[— 7r,7r]) satisfying 








(iB.Sb) 


-?/^^^ 


<|B.8|:) 




(iB.sa-) 



Then we have 



lE||^|lc^i(B<^2) ^ ((f^i"' + ^)(f^2' + U-t)U^') . (B.9) 

Proof. Let us start by proving (IB.7I ). To this end for fixed 0<s<t<Twe 
introduce the notation 

Fs,t{x)=F{t,x)-F{s,x). 
We have to bound the quantity 

mP\\'c-^(c-2)^^( sup ^fiiy + E|F(0, (B.IO) 
To this end for fixed s, t we can write 

/ b-.h' +iEi^M(o)r (B.ii) 
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For the first term we get using tlie Garsia-Rodemicli-Rumsey Lemma lBTT] (see also 
RemarklRll) 



E sup 



x,y£[—-7T,n] y\ ^ 



< E 



I 



\Fst(x) - FstiyW , , " 

^ -^(FsAx)- Fs,t{y)Y dxdy. 



(B.12) 



Using Holder inequality the expectation in the last integral can be bounded by 



E|F,,t(x)-F,,t(2/)|^< sup (E|F(t,z)-F(s,z) 

2e{x,3/} 



X sup [K\F{r^x) — F[r,y)\ 

, (B.13) 

X sup (E|F(r,^)|^)'^' 

r6{s,t} 

< [Ul \t - sr'^f' ([/| \x - yr^f^ {Ulf\ 

Here in the last step we have made use of the bounds (IB.6bl) . (IB.6bl ). and (IB.6I:I ). 
Similarly, according to the assumption (IB .6^1) and (IB.6I:I) we get for the second 
term on the right-hand side of (IB.llI) 

lEl^^Wr < {Ul\t-sr^f'{Ulf'^^\ (B.14) 

Therefore, we get 

The integral appearing in (IB. 151) is finite if and only if a2 satisfies the condition 
given in (IB.5I) . So in that case we get 

^ {ui'U^'\t-sV^^^Y{U^'+U^'Y. (B.16) 

Then, to get uniform bounds in s, t we apply the Garsia-Rodemich-Rumsey Lemma 
to the first term on the right-hand side of (IB.IOI) 



e( sup Pi^] </ dsdt (B.17) 



.o<s,t<T \t - sj"! J ~ y[o,T]2 \t - 
The integral appearing on the right-hand side of (IB. 171 ) is finite if and only if ai 



satisfies the condition (IB. 51) . Then we get 



•0<s,t<T 
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Finally, to conclude it only remains to bound the term E|F(0, •) [^^^ the right- 
hand side of (IB.lOb . This can be done by observing that 

lE|m-)|c"2 <IE|F(0,0)|^ 



+ / I ^— ^E|F(0,x)-F(0,y)pxdy 



This finishes the proof of (IB.7I ). 



The proof of (IB.9I ) is very similar and we only sketch it. As above we will use 
the notation 

Rs,t{x,y) = R{t;x,y) - R{s;x.y). 
Similarly to (IB. 101 ) we need to derive a bound on 

E||^IIc-(S..)<e(^^«up — (B.18) 



0<s<t<T 

For fixed s, t we get using Gubinelli's version of the Garsia-Rodemich-Rumsey 
inequality IB. II 

, ,^ r E[\R,,t{x,y)\P + \6Rs,t\lJ 
^Rs,tl,< -—^^^dxdy. (B.19) 

The difference with respect to the case of F is the appearance of the extra term 
j^]. On the other side there is no lower order term in the norm. Then 
using Holder inequality and the bounds (IB.Sbl) . (IB.Sbl ). (IB. 81: 1 ) and (IB.Stll ). and then 
the integrability condition (IB. 51 ) in the same way as in (IB. 121 ) and (IB. 131 ). the ex- 
pectation in the right-hand side of (IB. 191 ) can be bounded by 

([/P|t_s|P7i)^i \x - y\P^^)^' 

Plugging this back in (IB. 181 ) we get as in (IB. 171 ). 



\OL2 



< (c/^ u^^Y ■ (u^^ + u^'Y f * 'l"' Z ds dt 
<{utut'Y-{ut + u^'Y- 



Then applying IIGub04l Lem. 4] once more we can bound the second term appear- 
ing on the right-hand side of (IB. 181) by 

]E|i?(0; •,•)!!:, < {U^^U^'^^'Y- 
This finishes the proof of □ 

In a similar spirit is the following Banach space- valued version of Kolmogorov's 
continuity criterion, which is slightly more convenient in some cases. 
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Lemma B.4, Let (¥'(t))fe[o,T] ^ Banach space-valued random field having the 
property that for any q S (2, oo) there exists a constant Kg > such that 

(E||^(t)r)i<K,(E||^(t)f)^ , 

1 1 (B.2U) 

in^is) - ipitw)-^ < Kg{EMs) - ^m')-- , 

for all s,t £ [0, T]. Furthermore, suppose that the estimate 

E\\ip{s)-ip{t)f <Ko\s-t\^ 

holds for some Kq, S > and all s,t G [0, T]. Then, for every p > there exists 
C > such that 

E sup Mt)r<c{Ko+nmf)' ■ 

te[o,T] 
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